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ABSTRACT. In this paper, we investigate the global regularity to 3-D inhomogeneous in-
compressible Navier-Stokes system with axisymmetric initial data which does not have swirl
component for the initial velocity. We first prove that the L® norm to the quotient of the

inhomogeneity by r, namely a/r d:ef (1 /p— 1) / r, controls the regularity of the solutions.
Then we prove the global regularity of such solutions provided that the L norm of ao/r
is sufficiently small. Finally, with additional assumption that the initial velocity belongs to
LP for some p € [1,2), we prove that the velocity field decays to zero with exactly the same
rate as the classical Navier-Stokes system.
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1. INTRODUCTION

In this paper, we consider the global existence of smooth solutions to the following 3-D
inhomogeneous incompressible Navier-Stokes equations with axisymmetric initial data which
does not have swirl component for the initial velocity:

Op + div(pu) = 0, (t,r) € RT x R3,

O(pu) + div(pu ® u) — Au+ VII = 0,
(1.1) t

divu = 0,

(p; w)lt=0 = (po, uo)-

where p,u = (u!,u? u?) stand for the density and velocity of the fluid respectively, and II
is a scalar pressure function. Such system describes a fluid that is incompressible but has
non-constant density. Basic examples are mixture of incompressible and non reactant flows,
flows with complex structure (e.g. blood flow or model of rivers), fluids containing a melted
substance, etc.

1

A lot of recent works have been dedicated to the mathematical study of the above system.
Global weak solutions with finite energy have been constructed by Simon in [23] (see also
the book by Lions [19] for the variable viscosity case). In the case of smooth data with no
vacuum, the existence of strong unique solutions goes back to the work of Ladyzhenskaya and
Solonnikov in [17]. More precisely, they considered the system (1.1) in a bounded domain
Q with homogeneous Dirichlet boundary condition for u. Under the assumption that ug €

W2 P () (p > d) is divergence free and vanishes on 9Q and that pg € C'(2) is bounded
away from zero, then they [17] proved

e Global well-posedness in dimension d = 2;

2
e Local well-posedness in dimension d = 3. If in addition ug is small in W> #(Q),
then global well-posedness holds true.
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Lately, Danchin and Mucha [10] established the well-posedness of (1.1) in the whole space R%
in the so-called critical functional framework for small perturbations of some positive constant
density. The basic idea are to use functional spaces (or norms) that is scaling invariant under
the following transformation:

(1'2) (pvuv H)(tal‘) — (p> Au? )\2H)()\2t,/\l’), (po,U())(l’) — (po,)\U())()\l')-

One may check [5, 11] and the references therein for the recent progresses along this line.

On the other hand, we recall that except the initial data have some special structure, it is
still not known whether or not the System (1.1) has a unique global smooth solution with large
smooth initial data, even for the classical Navier-Stokes system (N S), which corresponds to
p=1in (1.1). For instance, Ukhovskii and Yudovich [24], and independently Ladyzhenskaya
[16] proved the global existence of generalized solution along with its uniqueness and regularity
for (NS) with initial data which is axisymmetric and without swirl. Leonardi, Mélek, Necas
and Pokorny [18] gave a refined proof of the same result in [16, 24]. The first author [1]
improved the regularity of the initial data to be ug € H 2. In general, the global wellposedness
of (NS) with axisymmetric initial data is still open (see [7, 25] for instance).

Let * = (21,72,2) € R3, we denote the cylindrical coordinates of x by (r,6,z), i. e.,
€.

r(z1,z2) def Vi +az3, 0(z1,z9) def a1 22 with r € [0,00), 0 € [0,27] and z € R, and

e def (cos@,sinf,0), egy def (—sinf,cos6,0), e o (0,0,1).

We are concerned here with the global existence of axisymmetric smooth solutions to (1.1)
which does not have the swirl component for the velocity field. This means solution of the
form:

13 p(t,l?l,.fl?Q,Z) - p(ta r, 2)7 H(t,$1,.’1}2,2’) == H(ta r, 2)7
(1.3) u(t,x1,x2,2) = u"(t, 7, 2)e, +u*(t, 7, 2)e,.

By virtue of (1.1) and (1.3), we find that (p, u, IT) verifies

Otp +u"Opp + u*d.p = 0,

pou” + pu” Opu” + puFdu” + 011 — (%&r(r&,uT) + 0%u" — %) =0,
(1.4) pou® + pu” Opu® + puto,u® + 9,11 — (%&(r&uz) + 82uz) =0,
Oru” + “TT + d,u® =0,

pli=o=po and (u",u")|=0 = (ug, ug).

Equation of vorticity w def 0.u" — Opu®: we get, by taking 0,(1.4)y — 0,(1.4)3, that

(1.5) Oy + " Opw + 1Dyt — iurw+3z(a;n) —ar(aLH) _az<8zw> —@(M) _0

p p p
Equation of T’ def £: in view of (1.5), one has
1 o1l 1 0,11 0.’ 1 o' +2I
(1.6) 9,0 + w8, + u*d,T + 75;( r ) _ 7@( 2 ) _az( 2 ) _ ,ar(L> _o.
rNp )T p p /) o p

As for the classical Navier-Stokes system (N S) in [16, 24], the quantity I" will play a crucial
role to prove the global well-poseness of (1.4). The main result of this paper states as follows:
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Theorem 1.1. Let ag d:efp% — 1€ L?>NL>® with 20 ¢ L, and there exist positive constants

m, M so that

(1.7) 0<m < po <M.
Let uy = uge, + uge. € H' be a solenoidal vector filed with u76 and T'g def % belonging to
L?. Then

(1) there exists a positive time T™* so that (1.4) has a unique solution (p,u) on [0,T™)
which satisfies for any T < T*
p € L>®((0,T) xR?), wecC(0,T); H'(R?) with Vue L*((0,T); H'(R?))
(1.8) t
sup_ (60 e + (Ol + VIO I) + [ )Ttz ) < o
te(0,T] 0
If T* < oo, there holds

1.9 li
(1.9) A,

@H _
r Lo

(2) If we assume moreover that
a
(1.10) 15711 < 0

for some sufficiently small positive constant g, we have T* = oo, and

u” 2
HUHQOO(W;HI) + “7“L°°(R+;L2) + ”V“H%%Rﬂm) + Hat““%?(w;m)

(1.11) + ]!VH[\%2(R+;L2) <CGy+1 with
T
Go = exp(Clluoll72 (1 + uol£2) ) (luolF + [ 5272 + 20Toll32),
and
a a
(1'12) H;HLOO(R‘*‘;LOO) B CH70HL<>O'

(3) Besides (1.10), if ug € LP for some p € [1,2), let B(p) d:ef%(% - ), one has

lu(®)|32 < OG0, [[Vut)|3 < Cfr) -2,

(1.13) 1
e 72 + [lu() |32 + [ VIIE)|[72 < Ct ey~ 7270,

Remark 1.1. (1) Let us recall that the reason why one can prove the global well-posdeness
of classical 3-D Navier-Stokes system with azisymmetric data and without swirl is that

def .
' = % satisfies

3
Ol 4 u"0,T + w9, — 92T — 9T — =9,T = 0,
T

which implies for all p € [1,00] that
IT@)[r < [ITollze-

Nevertheless in the case of inhomogeneous Navier-Stokes system, T' verifies (1.6).
Then to get a global in time estimate for ||I'(t)||r2, we need the smallness condition
(1.10). We remark that in order to prove the global reqularity for the axisymmetric
Navier-Stokes-Boussinesq system without swirl, the authors [3] require the support of
the initial density py does not intersect the axis (Oz) and the projection of supppo
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on the axis is a compact set, which seems stronger than (1.10) near the axis (Oz).
Finally since we shall not use the vorticity equation (1.5), here we do not require the
mitial density to be close enough to some positive constant.

(2) We remark that the decay estimates (1.13) is in fact proved for general global smooth
solutions of (1.1), which does not use the axisymmetric structure of the solutions,
whenever uy € LP for some p € [1,2). In particular, we get rid of the technical
assumption in [4] that (1.13) holds for p € (1,6/5) and moreover the proof here is
more concise than that in [4].

Let us complete this section with the notations we are going to use in this context.

Notations: H* (resp. H?) denotes the homogeneous (resp. inhomogeneous) Sobolev space

1 1
. . def N 2 def iy 2
with norm given by | £l € ( faa 21T dg ) * (resp. | fllme € ( foa (11621 F©)12 d€) ).
For X a Banach space and I an interval of R, we denote by C(I; X) the set of continuous
functions on I with values in X. For ¢ € [1,400], the notation L4(I; X) stands for the set of

measurable functions on I with values in X, such that ¢ — || f(¢)||x belongs to L(I). Let
1

R% = (0,00) x R, we denote | ]|z, def (fRi |f|?drdz)e. For a < b, we mean that there is a

uniform constant C, which may be different on different lines, such that a < Cb. We shall

denote by (alb) (or [ps albdz) the L2(R?) inner product of a and b, and finally V def (Or, 0z).

2. THE GLOBAL H! ESTIMATE

In this section, we shall prove the a priori globally in time H! estimate for the velocity of
(1.1) provided that there holds (1.10). Before proceeding, let us first rewrite the momentum
equation of (1.4).

Due to 0,u" + “r—T + 0,u* = 0 and curlu = wey with w def o.u" — O.u”, we have

1 , u” 1 ,oou”
(o) + 2" — 5= 00t ) + O — =
1 u” 9 u”
=— ;(r@z&uz - 7) + 07u" — )
=0,(0,u" — Opu®) = O w.

Similarly, one has

1 zZ I8
,ar(raTuZ) + aguz :aguz + a’"iu — 0, (arur + IL)
r r r
1
=— 0 (0u" — Opu®) — ;(@ur — O0pu®)
=— 0w — 1ou.
r

So that we can reformulate the momentum equation of (1.4) as

(2.1) { pou” + pu” Opu” + puFou” + 011 — O,w = 0,

pou® + pu” Opu® + pufou® + 0,11 + drw + %w =0.

2.1. Local in time H'! estimate. The purpose of this subsection is to present the estimate
of [[ul[zgo (1) With T' going to co when &g in (1.10) tending to zero.
e L? energy estimate
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We first deduce from the transport equation of (1.4) and (1.7) that
(2.2) m < p(t,r,z) < M.

While by first multiplying the u” equation of (1.4) by u" and then integrating the resulting
equation over Ri with respect to the measure r dr dz, we write

Ld p(u") rdrdz — / (rowp + 0p(pu'r) + 9. (pu™r)) (u")? dr d=
2 dt R?‘r R?l—
T \2 \2 (ur)Z
- 110, (u"r) dr dz + ((Oru")? + (0.u") + 5 )rdrdz=0.
R% R2 r

Whereas using the transport equation and 0,(u"r) + 0,(u?r) = 0 of (1.4), we find
rOp + Op(pu'r) + 0:(pu’r) =r(Owp + w Orp + u?0.u") + p(0r(u'r) + 9. (u’r)) =0,
so that we obtain

1d
2dt R2+

<(6Tur)2+(8zur)2 + (w)” ) rdrdz

r2

p(u")? rdrdz + /

2
R+

:/ 10, (u"r) drdz.
72

Along the same line, we have

1d
—— p(u?)? rdrdz—i—/ ((0ru®)>+(0u*)?)r dr dz
2dt R?‘_ Ri

—/ 110, (u®r) dr dz.
RQ

+

Hence due to 0,(ru”) + 0,(ru*) = 0, we achieve

1d ~ - .
/ ,f)((ur)2 + (uz)Z)rdr dz + / (|Vur|2+ |Vu?|? + @)Tdr dz = 0.
2 dt Ri Ri T

Integrating the above inequality over [0,¢] and using (2.2) gives rise to
~ ur 2
(2.3) lullFee 2y + IVl a2y + H7HL$(L2) < ClluollZ:-

o H! energy estimate
By taking LQ(Ri, rdrdz) inner product of the u" equation of (1.4) with d;u” and using
integration by parts, we have

\2
s [ (@ + @+ B Yraraz+ [ plour rar iz
R? " R

-
(((%uz)2 + (azuZ)Q)r drdz + / p(Ou?)r dr dz

2
R%
/R

p(urarur + uzazur)atu’"r drdz + / 110, (Opu"r) dr dz.
3 R}
Similarly we have
1d
2
p(ur&uz + uzazuz)atuzr drdz + / 110, (Oyu’r) dr dz,

2 2
+ RY
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which together 0, (ru") + 0,(ru*) = 0 gives rise to

1d
th R%—

- - )2
<|Vur]2 + |Vu®]? + ) )rdr dz +/ p((8u")? + (Opu®)?)r dr dz
R

72 2
+

= _ /2 p(urarur + uzazur)&gurr drdz —/ p(ur&nuz + uzazuz)atuzr drdz
R

2
+ R

<C (o o 32 + |purdar |22 + | Vo |22 + | pusu) |2 )

1
+ §(H\/ﬁt9tur|!%2 + Vpo®|I72),
which along with (2.2) implies
d

- - r\2
4 (G + Fa P + YD v dr dz 1 00| + 80 2
( ) dt ]R2
2.4 T

7’2
< C(Jlwr I3z + w03 + " O3 + 020 32 )

e The second derivative estimate of the velocity
By taking L2(]R3L; rdrdz) inner product of the u” equation of (2.1) with 0,w and using
integration by parts, one has

/ (azw)2r drdz = — 0,011 | wrdrdz — / (p@tur + pu" Opu” + puzﬁzur) | Oywrdrdz.
RZ R R3

Similarly taking L2(R2;rdrdz) inner product of the u* equation of (2.1) with 9, (rw)r—!
leads to

/ (Or(rw))?r~tdrdz = 00,11 | wrdrdz
R

2 2
+ RY

a /2 (p@tuz + pu" Opu® + puzazuz) |0y (wr) dr dz.
RY

Yet notice that

2
/ (O (rw))?r~L dr dz :/ (w— + 2w w + (Oyw)?r) dr dz
R2 T

2
+ Ry

:/ (w2 + (arw)z)rdrdz.
R

Gz
+
As a consequence, for I" given by (1.6), we obtain
[, (@) + @0 + T2)rdrdz <C (g B + B + ' 000 |2
(2.5) 7R
+ w72 + [lu" O |72 + \luzazuz)|!%2)-
Along the same line, we have
) IVIE 2 < & (Il 72 + 7 12 + [l 0, 2

B2 + o 3 + (w7025 ).

e The combined estimate
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Let 0 > 0 be a small positive constant, which will be chosen hereafter. By summing up
(2.4) with 6 x ((2.5) + (2.6)) leads to

d . T2 . Z|2 (UT)Q 2 z)12
= (|vu 2+ |Vur? + 5 )rdrdz+(1 —205) (||0wu" |25 + [|0su7|2)
R r

+ 5(/2 (|%u)|2 +T?)rdrdz + ||%H||%2)
R+

<C (Il 32 + w0 3 + |l Oy |2 + w0 32 ).

Taking § = % in the above inequality yields

d ~ - u” 2
@ o (vaﬁ + [V ? + W) r2) )rdr dz + (|0’ |7 + 10?7
2
(27) + [ (Tl + 1) drd -+ 913

+
<O (I 0y 3 + w0732 + o Dy 3 + w007 32 ).

In order to cope with the right hand side terms in (2.7), we take cut-off functions ¢ €
C3°[0,00) and ¢ € C*[0, 00) with

R I R i

and present the lemma as follows:

Lemma 2.1. Let f(r, z) be a smooth enough function which decays sufficiently fast at infinity.
Then for ¢(r) given by (2.8), one has

(2.9) » Fro(ryr® drdz < O fI72 (1 fll 2 + 10: fllz2) 10 f 2.
+
Proof. Tt is easy to observe that
PP < [ 1067 o) dr
0
<c [T 1A051+ o 7r

and
rf2§/|02f2|rdz:2/\f||62f|rdz,
R R

from which, we infer

} Fo(r) dr dz gc/Ri /Ooo|fy(|f|+|a,f|)rdr/R\f||azfyrdzdrdz

<c / VS + 10T /R , lo-sirara.

Applying Holder inequality gives rise to (2.9). O



8 H. ABIDI AND P. ZHANG

Now let us turn to the estimate of the nonlinear terms in (2.7). We first get, by applying
Hoélder’s inequality and the 2-D interpolation inequality,

1 1

(2.10) 11 ey < 11 2oy IV 12 g
that

o D22 <NovullZ Va2,
1 ~
<o( [ wtrtdn) VA g I ()
R

where we used Biot-Sarvart’s law

_ 1 (y-.’lﬁ) /\€9w(t7y)
u(ta .’IJ) - 47_[_ /]R3 ’y o ZII’S dy

and the fact that r—! is in AP class (see [12] for instance) so that

® R

Then by virtue of (2.9) and (2.10), we infer
1 1
(/ whr1 da:) ! S(/ rdo(r) dr dz) et (/
R3 R RZ
<(/
=

1 1 ~ 1 1~ 1
SITIZ (10122 + IVTIZ2) + lww |2, 1V (wi)]12,

w1 = @(r)) dr dz)é11

2
+

1
F4r3cp(r) dr dz) e Hw¢||z4

1 1 ~ 1 1 1 1
SITNZ2 (P12 +IVTIZ) + lwl 72 (lwll 72 + [ VewllZ2)-

Moreover, note that

~ ~ uT
IV(ran)lig < C(IVE Nl + [| =] 2)
for any § > 0, we write
" 0|7 SC(IIFIILz(IITIIL2 +IVLllz2) + lwll g (lwllzz + ||VWHL2)>

o Xl (19 g2+ | 2)

- T
<Csllw I3 (199" 32 + | = |72) (lwllF + 1T
+6(llwllzz + [IVelZz + ITIZ2 + [ VTZ2).

To deal with ||u*0,u| 2, we split fRi (u?0,u)r dr dz as

(2.12) /R

(w0 u)?r dr dz = /

2
R+

(w*0,u)>o(r)r dr dz +/ (w?0,u) (1 — @(r))rdrdz.

2 2
+ RY
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By applying (2.10) and convexity inequality, we get for any ¢ > 0
/ (u?0,u)*(1 — @(r))rdrdz
72

5/2 (u’zazugZJ(r)r%)2 dr dz
(2.13) Ry
Sllure(r T4HL4H8 up(r HL4
Sl ()| ]V uz¢ () ) g2 zuort | 2 |V (st )| 7
<Csl|w? |72 (1w (172 + Ve |[72) 19:ul72 + 6 (|0l F2 + [VO:ul72).-

Before proceeding, let us recall from (2.22) of [20] that

u” 0

(2.14) Lo 9,ATID - 2D A9, AT
r T

and from (21) of [14] that

(2.15) 8—A 1W—$2R11W+ R22W 2

$1$2

Ri2W

for every axisymmetric smooth function W, and where Rw = 8 0;A~L,
By virtue of (2.9), we infer

/ (uzﬁzu’")%(r)rdrdz:/ (uz)Zr%go%(r)(82%)27’%@%(7’)drdz
R2 R

S(/RQ (u?) () dr d,z:>%</R2 (aZU?T>4T3<p(T) o dz);

+
<l lz2 (1?12 + 1801 22) [ uzupua HLz
u
x(!\@ﬂ\wuaﬁ HL2)||82 e

Yet it follows from (2.14) and (2.15) that

IVT 2.

10:" My ST, 1020 S 10Tl and (020, <

Therefore, for any d > 0, we have

(2.16) /R (0" 2p(r)r dr dz < Cllu|[ T (1 + (|2 Ve[| Z2 T 22

+ (0172 + [IVTIZ2).

While since 0, (ru”) + 0. (ru®) = 0, we have

T

(2.17) /11@2 (w*0,u?) o(r)rdr dz = /]R2 (u® (9" + %))Qw(r)r drdz.
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Due to (2.14) and (2.15), we have

J©

Z,,T

u

)290(7“)1" drdz S(/ (u?)3? (r)r dr dz)ngHiG

2
R+

(uz)S % —172
S</R3 . dz)* [0.A7'T
<O||Va®|[72[|T 7

2 r
+

where we used Sobolev-Hardy inequality from [6] that

N-—s

q«(s)
(2.18) / [ dx < C(s,q,N,k) (/ |Vul|? dw) Nea
RN RN

j[*

where z = (2/,2) € RN = RF xRV * with2< k< N,1<g<N,0<s<gqands <k,
q« def Q(Nfs), so that there holds

N—q
2\3 1
(/ () dr)" < OV e,
RS

3
r2

Whereas it follows from (2.14) that
opu” = 0, AT +70,0,A7T — 20°A7 19, A7'T.

Applying Hardy’s inequality (2.18) once again yields

J

) 2
(uz)2(62A71F)2g0(r)r drdz < (/ \uz|3cp%(r)r dr dz) ? H(‘)ZAAFH%G
R

|uz|3 %
<(/, "5 do) " Imi
2

,
SV (220117

2
+

Similarly, by applying Lemma 2.2, one has

/ (uz)2 (r@z&aA_lF)zgo(r)r drdz
R

2
+

(2.19) 5(/1R

1 1 1 1 ~ 1 1
<Cllu(lz2 (vl 22 + 10071 F2) 102071 2 [Tl 22 (ITI1 72 + IV 72) 10211 7.
<Csllu(|Z2 (1 + [l 22) Ve |2 DI + S (ITIIZ2 + [IVTI[Z).

1 1
(u*) o (r)r® dr dz) : (/ 10,0, AT | Yo (r)r drr dz) ?
R

2
+

Let W 9 0,A™IT. Then by virtue of (2.14), we find

X129

2 A —1 93% x%
O2A~LW :8r<—R11W + IRy W — 2 R12W)
T T T
=sin? OR 11 W + cos® OR2W — 2sin 6 cos OR 12 W

+ 7“(Sin2 00, R11W + cos? 00, RaaW — 2sin 6 cos 93TR12W).
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It is easy to observe that

/ (u*)? (sin® OR11 W + cos® R W — 2sinf cos 9R12W)2(p(7“)7° dr dz
RQ

2
S( [, WePrt do) Fo.aT TR £ [V Bl
RS
and it follows from a similar derivation of (2.19) that

/ (uz)2 (sin2 00, R11W + cos? 00, RaoW — 2sin 0 cos 98TR12W)2<,0(7')7’3 drdz
RQ

+

1
§</ |uz|4<p(r)7“3 dr dz> ?
R2

+
1

X (/ (sin2 00, R11W + cos® 00, RosW — 2sin 0 cos 68TR12W)4¢(T)7“3 dr dz) 2
R2

<Csllu|[72 (1 + w1 72) IV lIZ [T + (ITI7: + [IVT]Z2) -

By resuming the above estimates into (2.17), we obtain
(2.20) /R2 (00" p(r)r dr dz < Cs (1 + |[u®|§2) | Ve |7 lIT 72 + S (IT]172 + [IVT 7).

Therefore, by substituting the Estimates (2.13), (2.16) and (2.20) into (2.12), we obtain
0zl 2 SC&(U + [l 32) Ve |22 (IVulZ2 + I0]172)

(221) 4 2 2 S 2 o2
U ) [0:ul2) + (1013 + [V0:ul + [9TIE).
Note that for the axisymmetric flow, we have for 1 < g < oo

() lwlze ~ [Vulze and

2.22
222 ) IVl |20, ~ 9%l

Thanks to (2.22), by resuming the Estimates (2.11) and (2.21) into (2.7) and taking § to be
sufficiently small, we obtain

< (IFulz + tHy)+M&uM;+HMI T + 9T
223) <Oyl (19uls + | 2) (90l + 71
(U [ 32) [ Vul22 ) + 61V 2.
By applying Gronwall’s inequality to (2.23), we write
Il 2y + 1 2 oz + 1060 )+ ey + Iy + 19T
< Coxp(C(1+ ullde ) (1900 + |22 12)))

2 up |2 2 2 112
x (V)22 + 227, + (1 + ¥ 1) 190025 2) + I e 02y + 9T 1))
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from which and (2.3), we infer

(224 HV’LLHLOO ) T H HLOO (L2) + HatuHL2 )t HUHL2 (F12) + HFH%%(B) + anuif(ﬂ)

sciexp(<7uuoan(1-+»nuouiz))(uuonza-+\\;9Hlﬁ I e g2y + VT2 5)

e The estimate of T’

Let a def 1/p — 1. Then we get, by taking L? inner product of (1.6) with I' and using
integrating by parts, that

1~ r
NGl ded—Q/aerd
30O+ [ SFrPrara: =2 [ o (S)rdra:

= =

= / a(0,119.T — 9.119,T') dr dz
RQ
(1/ ~ ~
<[ VI 22 [ VT 22,
Note that a(t,0,2) = 0, by using integration by parts, one has

r
—2/ a, (—)Pdr dz=-2[ 8ITdrdz—2 /| 8.(aD)drdz
RZ P R R2

:/FQ(t,O,z) dz+2/ al’'o,I'dr dz
R

R2
1,0,
> = Ol 2 e T2 = 175
Therefore due to (2.2), we infer
d 1, = a =
(225) GO + 19T < O 2 (19132 + ITJ3).

On the other hand, it follows from the transport equation of (1.4) that

ora +u" 0y a+u28a:0 and

(9t7+u8 —|—uZ3 +U7§ 0,
Tr
which yields
a a u”
(2.26) 12O e < 12 P (15 1))

While note from [2, 8] that

u 3
H?HL%(LOO) Sj ”F||L%(L3 1 S 4 HF”LOO(L2 ||VF||L2(L2
So that by integrating (2.25) over [0, t], we obtain
TN o0 2y + VTl 7212y < IToll72

ap 2 3. s 3 2 2
+ CH?HLOO exp (Ct4 ||F||L§O(L2)||VFHL?(L2)> (HVHHLg(Lz) + ”FHLf(L?))-
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Resuming the Estimate (2.24) into the above inequality leads to

ap |2 3 i i
T 50 2y + IVT 122y < [Toll72 + Cf = || 700 XD ( CEIIT ] Foo 12 IVT 22 1
an ) 2(12) ; ) VT2 2)
. o
x exp(ClluollFa (1 + lluollf) ) (ol + 122172 + IT1E sy + 19135 2))-

Proposition 2.1. Let (p,u,VII) be a smooth enough solution of (1.4) on [0,7*), which
satisfies (2.2). Let Gy be given by (1.11) and

w1 ;)\
2.28 h= 1 |
(2.28) ! <2C\F0HL2 n<QCHa}°Hiwg0)

Then under the assumption of (1.10), one has T* > t1 and there holds
(229) P13 + IVTIZ; 12y < 200l

u’ 2
(230) VUl + [ im0l (i) + 2y oy + IV 1) < CGo.

Proof. Indeed if || is sufficiently small, we deduce from (2.27) and (2.28) that

[P=

3
||F||%;>;(L2) + ”VP”%gl(Lz) < QHFOH%%

Substituting the above estimate into (2.24) gives rise to (2.30). (2.30) together with the
blow-up criteria in [15] implies that T > ¢;. O

2.2. The global in time H'! estimate. The goal of this subsection is to present the global
in time H' estimate for the velocity field. Toward this, we first prove such a estimate for
small solutions of (1.1), which does not use the axisymmetric structure of the solutions.

Lemma 2.2. Let (p,u, VII) be a smooth enough solution of (1.1) on [0,T*), which satisfies
(2.2). Then there exist positive constants 11 and 12, which depend only on |lugl|z2, so that
there holds

t
(231)  [IVu(t)]z. +/t (mlloeu()72 + ne(IIVu@)II7> + I VILE)IZ2)) dt” < [|Vu(to) |72
0

provided that |Vu(to)| 2 < 1.
Proof. We first get, by taking the L? inner product of the momentum equations of (1.1) with
Osu and using integration by parts, that
1d
Iv/pOu(t)|72 + i@HVU(t)H%z =~ (pu-Vu | o),
<IVpllzee llull sVl sl v/pOrul| L2
1
<Cllull 2 [IVull 2 [IV?ullZ2 + 7 [1VpOwu 72,
which gives
1d
2dt
On the other hand, it follows from the classical estimates on linear Stokes operator and

{ —Au + VII = poyu — pu - Vu,

3
IVu@)z2 + {IVeou®lze < Cllullgz Vel 2]V ullZ2.

(2:32) divu = 0,



14 H. ABIDI AND P. ZHANG

that
IV2ull72 + [IVIT|72 <C([lpdhull72 + llpu - Vul72)
C(Ilvpdrullze + llpll e lullZs [ Vull 7o)
C(IIVpdeulF2 + llull 2 Va2 V?ull72),
so that we obtain for any ny > 0

3m
3 IV 3+ (O~ Om) forwls

(2.33)
+(n2 = Clluoll 2 Vullz2) (IV?ul 72 + [IVIT]|72) <0
We denote
(2.34) 7 def sup{ t € [to, T*) | [|[Vu(t)||r2 < 2m }.

We Claim that 7 = T* provided that 7; is sufficiently small. Indeed if 7* < T, taking
ne = 4= and np < m we deduce from (2.33) that

d
gllvt&(t)\\%z +ml|Oullzs +n2(IIVullZ: + IVIT[Z2) <0 for all t € [to, "),

which implies

IVu(®)Iz: +/t (mllGru(t) 72 + me(IV2u() |22 + IVIIE)IZ2)) dt’ < [[Vulto)lZ> < ni-
0

This contradict with (2.34), and thus 7% = T™. This concludes the proof of the lemma. [

Proposition 2.2. Let (p,u, VII) be the local unique smooth solution of (1.4) on [0,T%),
which satisfies (2.2). Then T* = oo and there holds (1.11) provided that € in (1.10) is
sufficiently small.

Proof. Tt follows from the derivation of (2.3) that
1 2 ! NI 2
(2.35) S IvPu®)lzz + ; V()72 dt” = S llvPouol 72,
which ensures that for any positive integer IV, there holds
k+1 1 9
Z [ 1w < iyl

Thus there exists 0 < kg < N — 1 and some tg € (ko, ko + 1) such that

ko+1 1
2 2
Vv dr < —||v/ d ||Vu(t VP
/k;o ” uHL2 T > 2NH POU0||L2 an H U( 0)HL2 — 2N|| u0||L2

For m; given by Lemma 2.2, taking N so large that

||Vu(t0)||L2 = 2N||\ﬁ“0||1;2 < 771

Then we deduce from Lemma 2.2 that there holds (2.31).
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On the other hand, in view of (2.28), we can take H%HLOO to be so small that t; > .
Thus by summing up (2.30) and (2.31), we obtain for any ¢ < T,
HVU”%;”(LZ) + Hatunig(m) + HV2U”%§(L2) =+ HVH”%g(Lz)
T e L L A |l N TS
+ Hqu%OO(to,t;LQ) + HatUH%%O,t;m) + HVQU”2L2(tO,t;L2) + HVHH%Q(tO,t;LQ)
SCQO + m,

for Gy given by (1.11) and n; being determined by Lemma 2.2. Then thanks to (2.36) and
the blow-up criteria in [15], we conclude that 7% = co. Moreover, by summing up (2.3) and
(2.36), we achieve (1.11). This finishes the proof of Proposition 2.2. O

3. DECAY ESTIMATES OF THE GLOBAL SOLUTIONS OF (1.1)

The purpose of this section is to present the decay estimates (1.13) for any global smooth
solutions of (1.1), which does not use the particular axisymmetric structure of the solutions.

Lemma 3.1. Let (p,u, VII) be a smooth enough solution of (1.1) on [0,T*), which satisfies
(2.2). Then for t < T*, one has

d
(3.1) %IIVU(t)Iliz + IWpu )72 + u®)%e + VI [|72 < CIVul)[|7: | Vu)Fe,
and
d 2 2
g Ivpue®)llzz + Ve (t)7e

< C(IVu® 7 + lu@®)llg:) (Ve @1 + 1Vu®)llz:)-
Proof. We first get, by a similar derivation of (2.33), that

(3.2)

d
—NVu®Izz + (Iveudzz + lullf + IVITIZ2) <CllVpu- Vulz,
<CM||ul| 7ol Vu 75
<CM|Vul® , | Vulz.,
H?2

which gives (3.1).
On the other hand, by taking d; to the momentum equation of (1.1), we write

p(Orur + u - Vug) — Auy + VI = —ppuy — (pu)s - Vu.

Taking L? inner product of the above equation with u; and using the transport equation of
(1.1), we obtain

1d
(3.3) =— Vw224 V|22 = —/ pi|ug|? d:c—/ pru-Vu | uy dx—/ pug-Vu | u de.
th R3 RB RB

By using the transport equation of (1.1) and integration by parts, one has

’/ pt|ut|2dm| :|/ div(pu)|ut]2d:n}
R3 R3

:2}/ pu - Vuy | utdx’
RS

<2V M ||ul| e [lv/putl 2 | Vut]| 2,
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which together with the 3-D interpolation inequality that

1 1
(34) [ulle < CllullZ, lul .
implies
1
!/RS peluel? | < CM|lull g [l g2 | /Pue 2 + glqutlliz-

Along the same line, we have

/ pru-Vu | updr = —/ div(pu)u - Vu | ut de
R3 R3
3
= Z (/ pu' O’ DjuFuf dfv+/ put? 9;0uFuf d:U—{—/ putu? Ojubduf d:n).
R3 R? R3

t,5,k=1

Applying Hélder’s inequality gives

3
> /R OOyl de| <V Mful |Vl o[V | e 2

i k=1
<C(J|ullFes llull?. + IIWHE% Iv/puell72),

and

3
> /R putd idutuf da| <V M ulfoe | V2ull 2| /pue 2

i k=1
<CllullFoe (%o + Vouel22),

and

3
Z ‘/3puiuj8juk8iuf dz| <M ||ul|7s]|Vul| s ]| V|| 2
ijk=1 "R

1
<C||VullzeJullF. + gHVUtIIiQ-
This yields
1
\/RB pru Vu | updr| <C(Jullfe + 1Vl y + IVullz2) (lulFe + lvoullz2) + EHVWII%Q-
Finally it is easy to observe that

[ e 9 | da] <Al Val

1
<CIVul? 3 IIVpulzz + GVl

Resuming the above estimates into (3.3) and using (3.4) results in

SIVFu () + V(0]
<OV B + (o)) (0 e + /(1) 2)-

(3.5)
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Whereas it follows from the classical estimates on linear Stokes operator and (2.32) that
[ull g2 + VIl 2 <C([lpull 2 + [lpu - Vullz2)
<C(VMIlv/putll 2 + Ml|u] o] V| 3)
<O(ly/aul 2 + 19ula) + 3l o
which yields
(3.6) lull 2 + IV < C(llypurllze + [ Vull)-
Substituting (3.6) into (3.5) leads to (3.2). This finishes the proof of the Lemma. O
Corollary 3.1. Under the assumptions of Lemma 3.1 and that
(3.7) HuH%OO(O,T*;Hl) + HVUH%Q(QT*;HU < Co,

one has for any t < T*,

ENVut)|2 +/O () (lue()Iz2 + lu)lFpe + IVIE)1Z2) d

def
<C exp(CCo)uo|3n = €4,

(3.8)

and
t
t(t) (lue (0172 + lu®)]F2 + IVI(H)]]72) +/0 () Vu ()7 dt’
def

< CCy(1+ C1) exp(CCy(1 + Cp)) E Co.

(3.9)

Proof. We first get, by multiplying (3.1) by (t), that

jt(< IVu(®)z2) + & (IVoue®l1z2 + a5 + IVIE#)]72)

< [Vu®)lZ2 + ClIVu@®)|p O IIVu(®) 1z

Applying Gronwall’s inequality and using (2.35), (3.7) gives rise to (3.8).
While multiplying (3.2) by ¢(t) results in

%(WHIWW@)IIZLQ) + () Ve ()72 < 208)[|v/pue ()72
+ O(IVu@®lifp + lu®) ) 1) (Ivpue )72 + I Va(t)|12)-

Applying Gronwall’s inequality leads to
¢
t{t)|v/pue(t)lI72 +/ ¢t [V (1|72 dt’
’ t
< Cexp(CUITugrn + 1l i 1 0))) (| €IV B) 1

+ H |vu( ||L2HLOO( |VUHL2 Hl) + Hu||2oo H1)||UHL2 Hl)))

from which, (3.6-3.8), we conclude the proof of (3.9). O
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Proposition 3.1. Let p € [1,2) and (B(p) = def 5(7 - 1) Then under the assumptions of
Corollary 3.1, if we assume further that ag d:efpio — 1€ L*(R3) and ug € LP(R?), there holds
C(t)~Aw) if 1<p<2,
(3.10) @z <) gy
C(ty ‘1 if p=1,

for any t < T*, where the constant C' depends on |lag||r2, Co,C1 and Cs given by Corollary
3.1.

Proof. Motivated by [4], in order to use Schonbek’s strategy in [22], we split the phase-space
R? into two time-dependent regions so that

IVuOIR: = [ lePlaPde+ [ lePlatPs
S(t) S(t)e

where S(t) def {€: 1€ < /& g(t)} and g(t) satisfies g(t) ~ <t>7%, which will be chosen later
on. Then due to the energy law (2.35) of (1.1), one has

(311 SIVBUOIE: + OIVF u0: < 2g(0) [ Jate o de
S(t)

To deal with the low frequency part of u on the right-hand side of (3.11), we rewrite the
momentum equations of (1.1) as

t
u(t) =Py + / e(t_t/)AP(fV (u®@u)+ a(Au — VH)) (') dt'.
0

where a def % and P def Id — VA~1div denotes the Leray projection operator. Taking

Fourier transform Wlth respect to x variables leads to
t
la(t, &) <e P |a (&) + / e O (1¢]| Fo(u @ w)| + | Fo(a(Au — VID))|) (¢') di,
0

which implies that

2 2
[ fopies [ e e a©ri+ o [ 170 o)l o)
(3.12)

3(0) (/0 | — VI ()] ')

Thanks to (3.9), we have

o1 ([ 17 at@a = V)@l )" <l ([ 180 V0@l )
3.13

¢ 2
Slaolla( [ @)ty ar)” s

While it is easy to observe that

t 2
([ 17wo 0@z at)’ < ([ 1@l < Pl
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d:ef%ﬁ(p):z—land%—i—%:l, one has

Note that for ug € LP(R3), let :

1
q

1
e~ 2161 50 (€)[2 de < / =24t ge) 4 15,112
o1 [, meraes(f ) ol

SlluollZe (1) =27,

where we used the Hausdorfl-Young inequality in the last line so that ||dgl|,;,y < C|luolze-
Then since g(t) < <t)_%, we deduce from (3.12) that

1 3
(ty 2 if 1<p<_,
G15) [ el S 00 40 S 3 2
S(t) (t)~28) if 5 SP<2

In the case when 3 < p < 2, by substituting (3.15) into (3.11), we obtain

d _ 1
ZIVeu®Iz: + g* DIV u®)72 < g*@)(E) PO < ()P0,

from which, we infer

t ’ ’ ’
elo PO Bu(t) |2 S lvpouol|2a + / el S 11y =1-26() gy

Taking o > 283(p) and ¢%(t) = a(t)~! in the above inequality leads to

t
Iu(h)|2a (6 <1+ / () 1-280) gt <1 (1250,

0
which yields (3.10) for p € [3/2,2).
In the case when 1 < p < 2, by substituting the Estimate (3.15) into (3.11), one has
d _1 _3
S IVPu®IIze + ¢ OIVe u®)l7= S )72 S (072,

which implies

t o204y g1 / 3
REOX | o)t S Aol + [ o SO )L ar

def

Taking o > 1 and ¢%(t) = a(t)~! in the above inequality results in

¢
VPl S 1+ [ () Ear S 1+ ),
0
which gives
_1
(3.16) Ju(®)llz> < ()73
Then by virtue of (3.16), we write
t t 1 2
610 ([ IFwe ) dt) ||u Waar) < ([ @y rar) <.
0 ¢ 0
Resuming the Estimates (3.13), (3. 14) (3. 17) into (3.12) results in

5 ~28(p) ; 3
CRUNE |ﬁ(ta§)’2d§§<t>_2/8(p)+<t>_(5)—g o Tieree
S) @\ i p=1.



20 H. ABIDI AND P. ZHANG

With (3.18), we can repeat the previous argument to prove (3.10) for the remaining case
when p € [1,3/2). This completes the proof of the proposition. O

Proposition 3.2. Under the assumptions of Proposition 3.1, there holds (1.13) for any
t<T™.

Proof. With Proposition 3.1, we shall use a similar argument for the classical Navier-Stokes
system to derive the decay estimates for the derivatives of the velocity (see [13] for instance).
In fact, for any s < t < T*, we deduce from the energy equality of (1.1) that

(3.19) SIVAHOIE: + [ IVu)IEa dt = V(o)

While multiplying (3.1) by (¢t — s) leads to

i((t = 9)Vu®)|z2) + (¢ = ) (Ivou®)lz2 + [ V*u(®) 22 + [IVIIH)][7:)

dt
< [Vu®)|[Z2 + CIVu@®) | F: (¢ = s)[[Vu(®)]Z:,
Applying Gronwall’s inequality and using (3.19) results in

t
(t = IVulOlE <exp(CIVullyp)) [ IVl at

exp(CC
<22 s

In particular, taking s = % gives
IVu@®)lze < €@~ lut/2)]7:
from which and (3.10), we infer for any ¢ < T
(t)~1=28) if 1<p<2,
<t>_(g)— if p=1,

Similarly by applying Gronwall’s lemma to (3.1) over [s, t], we write
t
||Vu(t)\%2+/ (IVpue )72 + IV2u)I72 + [VIE)172) dt’

<exp(ClIVul2 40 ) Vu(s) 132
<exp(CCo)||Vu(s)||2e.

Whereas by multiplying (3.2) by (t—s) and applying Gronwall’s lemma to resulting inequality,
we get

(3.20) IVu(t)]|7> < C{

(3.21)

t
(t = s)llv/pue(t)l|72 S(/ IVpue )72 dt' + | Vull oo s :12))
S

x exp(C(IVul gy + 1l i 0012 1))
<exp(CCy(1+ Co)) (IIVuls) 172 + IVl Lo s.1:22))-
Taking s = % in the above inequality and using (3.20), we obtain
() ~12Aw) if 1<p<2,

Jua(t)]32 < O{ T
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which together with (3.6) and (3.20) ensures that
) ) ) CtHy)~1TPW i 1<p<a,
(3:22)  [lue@lze + el + VIO <C ) 2(5) _
Tty V- if p=1,

for any ¢t < T™.
With (3.20) and (3.22), it remains to prove (1.13) for p = 1. As a matter of fact, we first
deduce from (3.22) that

(ot~ V@) @) Sl ([ 1w~ T
0 2 i 0 2
Sl ([ @2 D-ar)’ <

With (3.13) being replaced by the above inequality, by repeating the proof of Proposition
3.1, we can prove the first inequality of (1.13) for p = 1. Then repeating the proof of (3.22),
we conclude the proof of the remaining two inequalities in (1.13) for p = 1. This finishes the
proof of Proposition 3.2. U

4. THE PROOF OF THEOREM 1.1

The goal of this section is to complete the proof of Theorem 1.1. In order to do so, we
first prove the following globally in time Lipschitz estimate for the convection velocity field,
which will be used to prove the propagation of the size for H 20| oo

Lemma 4.1. Let (p,u, VII) be a ¢ smooth enough axisymmetric solution of (1.1) on [0,T).
Then under the assumptions (1.7) and (1.10), we have T* = oo, and there holds

(4.1) IVullpywy;L<) < C,
for some positive constant depending on m, M and ||ug|| 1.
Proof. Under the assumptions of (1.7) and (1.10), we deduce from Proposition 2.2 that

T* = 0o and moreover Corollary 3.1 ensures that

tﬁ%@wmwéﬁé@mmw@+m@@ﬁwwmmﬁﬁsa,
€|0,00

swt@wMWé+wm@ﬁwwwmg+fﬂmew@ﬁs&,

te[0,00)

(4.2)

where C; and Cy given by (3.8) and (3.9) respectively. In particular, by using Sobolev
imbedding theorem, we obtain

(43) |t a < co
0
On the other hand, in view of (2.32), we deduce from the classical estimates of linear
Stokes operator that
IV u(®)llzs + IVII®) 26 < C(Jlue@®llze + [u®llL[Vut)llzs),
which together with (3.4) yields

Aﬂ@mwww%+wmm@wt

<o [T untu e s [ HOROn O ).
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Yet it follows from (4.2) that

/0 ) )| o D), d < CV/CrC /O

which together with (4.3) ensures that

o0

3
tm2(t) "L dt < C\/C1C%,

an [TV ITIOI) @< oo+ VaT) ey

By virtue of (4.2) and (4.4), we infer

fe’e) oo 1 1
| Ivu@lim de < [ ol 9P 1 e

W=

<ccf [T vl d

3 1

1 > 2 _2 1 o0 2 2 1
<co) ([ etwta) ([ eeIviui )
0 0
11
<CCy 4.
This gives rise to (4.1). O
Now we are in a position to complete the proof of Theorem 1.1.

Proof of Theorem 1.1. The general strategy to prove the existence result to a nonlinear par-
tial differential equation is first to construct an appropriate approximate solutions, and then
perform the uniform estimates to these approximate solution sequence, and finally the exis-
tence result follows from a compactness argument. For simplicity, here we just present the a
priori estimates to smooth enough solutions of (1.4).

Given axisymmetric initial data (pg, uo) with pg satisfying (1.7) and ag € L>*NL>, e L,
up € H', we deduce from (2.23) and (2.25) that there exists a maximal positive time T* so
that (1.4) has a solution on [0, 7*) which satisfies for any 7" < T,

lullge (ry + 1Vull 2,y + 190ull 22,22y + IVIl 22, 22y + Il £ge 22y + IV Nl 22,22y < C,
from which and Corollary 3.1, we deduce that there holds (1.8). And hence the uniqueness

part of Theorem 1.1 follows from the uniqueness result in [21].
Now if T < oo and there holds
lim

alt)
t—T* T Lee

=(C, < 0.

Let us take ¢ so small that
1
2mCC, < —.
2
Then we get, by summing up (2.23) and 2mdx (2.25), that
d (= u(t) |2
= (19032 + | 2117 + 2maT(1) 3
1, ~ -
+10lZ2 + lulle + 5 (IVITIZ2 + ITI72) + IVTZ2

<5 (014 ) (19013 + [ 117) (Il + IT132) + (0 + ol ) 10wl ).
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Applying Gronwall’s inequality and using (2.3) leads to
<112 u” 2 2 2 T2
”VUHL%O(LQ) + H?HL%O(B) + HFHL%O(B) =+ ||8tu”L2T(L2) =+ ||VH||L2T(L2)
2 2 o2
+ H’U’HL%(HQ) + HF”L%(L?) + HVFHLQT(LZ) <C,

for any T' < T*. Therefore we can extend the solution beyond the time 7™, which contradicts
with the maximality of 7*. Hence there holds (1.9).

Under the assumption of (1.10), we deduce from Proposition 2.2 that 7" = oo and there
holds (1.11). Moreover, Lemma 4.1 ensures that

IVull g1 g+ gy < C,
which together with (2.26) and

uT‘
1=l e ey < IVl e 1)

gives rise to (1.12).

Finally with additional assumption that uy € LP for some p € [1,2), we deduce from
Proposition 3.2 that there holds the decay estimate (1.13). This finishes the proof of Theorem
1.1. O
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