ON THE GLOBAL EXISTENCE AND UNIQUENESS OF SOLUTION TO 2-D
INHOMOGENEOUS INCOMPRESSIBLE NAVIER-STOKES EQUATIONS IN
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ABSTRACT. In this paper, we establish the global existence and uniqueness of solution to 2-D

inhomogeneous incompressible Navier-Stokes equations (1.1) with initial data in the critical spaces.
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Precisely, under the assumption that the initial velocity uo in L? N B,: ” and the initial density

po in L° and having a positive lower bound, which satisfies 1 — pgl S BA%2 N L%, for p € [2,00]
and X € [1, 00[ with § < % + 5 <1, the system (1.1) has a global solution. The solution is unique
if p = 2. With additional assumptions on the initial density in case p > 2, we can also prove the
uniqueness of such solution. In particular, this result improves the previous work in [2] where ug
belongs to BSJ and pal — 1 belongs to BE’I, and we also remove the assumption that the initial

density is close enough to a positive constant in [19] yet with additional regularities on the initial
density here.
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1. INTRODUCTION

In this paper, we investigate the global well-posedness of the following 2-D inhomogeneous in-
compressible Navier-Stokes equations:
Op + div(pu) =0, (t,x) € Ry x R,
p(Ou +u - Vu) — Au+ VII =0,
divu = 0,
(p, u)li=0 = (po, uo),

(1.1)

where the unknowns p and u = (u1, u2)? stand for the density and velocity of the fluid respectively,
and II is a scalar pressure function, which guarantees the divergence free condition of the velocity
field. Such a system can be used to describe the mixture of several immiscible fluids that are
incompressible and with different densities, it can also characterize a fluid containing a molten
substance.

It is easy to observe that for any smooth enough solution (p,u) of (1.1), one has the following
energy law:

(1.2) / p]u\de—i—// |Vu|? da dt’ = /pg\uOQda:.

Based on the energy law, Kazhikov [6] proved that the d-dimensional system (1.1) (with d = 2, 3)
has a global weak solutlon provided that the initial density is bounded from above and away from
vacuum, the initial velocity belongs to H' (the size of H' norm should be sufficiently small in
three space dimension). Danchin and Mucha [17] solved the uniqueness problem with smoother
velocity. The uniqueness of Kazhikov weak solution was solved in [25] (see [11, 19, 28] for the
improvements). Lately Danchin and Mucha [18] established the existence and uniqueness of such
solution even allowing the appearing of vacuum. In general, DiPerna and Lions [20, 24] proved the
1
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global existence of weak solutions to (1.1) in the energy space in any space dimensions. Yet the
uniqueness and regularities of such weak solutions are listed as open questions by Lions in [24].

On the other hand, if the initial data of the density p is away from zero, we denote by a def p -1,
then the system (1.1) can be equivalently reformulated as

Oa+u-Va =0, (t,x) € Ry x R,
Ou+u-Vu+ (1+a)(VII - Au) =0,
divu = 0,

(@, u)|i=0 = (a0, uo)-

(1.3)

Just as the classical Navier-Stokes equations, which corresponds to the case when a = 0 in (1.3),
the system (1.3) also has the following scaling-invariant property: if (a,u) solves (1.3) with initial
data (ap,up), then for any ¢ > 0,

(1.4) (a,w)et, z) S (a(82.,0), ou(2-, )

is also a solution of (1.3) with initial data (ag(¢-),fuo(¢-)). We call such functional spaces as
critical spaces if the norms of which are invariant under the scaling transformation (ag,ug)
(ao(€-), Lug(L-)).

Danchin [14] first established the global well-posedness of the system (1.3) with initial data in
the almost critical Sobolev spaces. After the works [1, 4, 13] in the critical framework, Danchin
and Mucha [16] eventually proved the global well-posedness of (1.3) with initial density being close

+
enough to a p051t1ve constant in the multiplier space of B (Rd) and initial velocity being small

enough in pr1 (]Rd) for 1 < p < 2d. The work of [3] is the first to investigate the global well-
posedness of the 3-D incompressible inhomogeneous Navier-Stokes equation with initial data in the
critical spaces and yet without the size restriction on ap. One may check [19] and references therein
for the recent progress in this direction.

In two dimensions and with initial density being bounded from above and away from vacuum,
Danchin [14] proved the global well-poedness of the system (1.1) if pg V' 1e HY and uy € HP
with a, 8 > 0. The authors of [5] proved the global existence and uniqueness of the solution to
the system (1.1) with variable viscosity when the viscosity is close enough to a positive constant,
and py' —1 € 32 LN BY . with a > 0 and ug € BSJ (one may check [21] for the existence
result of the system (1.1) with H! initial data and also [26] together with the references therein
for the rough density case). Haspot [23] proved the global well-posedness of system (1.1) with

2 2

00,00

=1 “ e
small initial velocity ug € Bp7, and more regular initial density p," — 1€ Bjl o with some
technical conditions on pi, p2, 7 and €. Recently, the first two authors of this paper improved the
above result in [2] to that up € le and pyt —1 € BE with My < pg < My and 0 < & < 1.

This is, to the best of our knowledge, the first global Well—posedness result of (1.1) in the critical
framework that does not require any smallness condition. More recently, based on interpolation
results, time weighted estimates and maximal regularity estimates for time evolutionary Stokes
system in Lorentz spaces (with respect to the time variable), Danchin and Wang [19] obtained the
existence and uniqueness of the system (1.1) when the initial data pg is close to a positive constant

1nL°°andu0€L2ﬂB leth1<p<2
Inspired by [2], we Shall investigate the global well-posedness of the system (1.1) with initial data
in the general critical spaces. The main result states as follows.

Theorem 1.1. Let Mi, My be two positive constants, p € [2,4+o00] and A € [1,4o0[ with % <

2

=142 .2
% + % < 1. We assume that ug € L> N Bp71 P s a solenoidal vector field and 1 — ,051 IS B>f2 N L°
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satisfies
(15) M1 S L0 S MQ.
Then the system (1.1) has a global solution (p,u, VII) which satisfies

.2
pt—1€C([0,00; BY,NL™®), M <p(t,x) <My forall(t,z) € Ry x R?,

142 ~ . L14+2
(1.6)  wec(o,00[; L’NB,; ")N L, (Ry; H*) N L, (Ry; B, "),

L 142 142~
VIl e Llloc(R—i-; Bp71 p) N Llloc(R-F; LQ) and Oy € Llloc(R-‘r; Bp71 p) N Llloc(R-l-; Lz)

.2—2 .
In particular, for p = 2, this solution is unique. For p €]2, co|, if in addition, pgl—l € BL”OOOB% 15
p—1° ’
.2-2 .
then the solution is unique and satisfies p~' —1 € C([0,00[; B ,”__ N By ).

p—1’

2

; 5=l 50 2p :
Notice that for 1 < p < 2, B, < By, and for p € [4/3,2[, A = 35 (p, \) satisfies
3 < %+% < 1, then we deduce from Theorem 1.1 that the system (1.1) has a unique global-in-time

solution satisfying (1.6). Precisely

2

L1142
Corollary 1.1. Let p € [4/3,2[ and up € Bp71+p be a solenoidal vector field, and py satisfies (1.5)

—1+
2p
2—p

142
with1—p,' € B [~ Then the system (1.1) has a unique global solution (p,u, VII) which satisfies

)

142 -1
p = 1ec(0,00f; B, 7), wecl(0.00 By,

pl
(1.7)
1 5143 1 5 =143
VII € LZOC(R+; Bp,l )7 O € LZOC(R+; Bp,l )

2 ,1+2
p) n Llloc(R-‘r; Bp,lp)7

Remark 1.1. In some sense, our result here removed the assumption in [19] that the initial data
po is close to a positive constant and also extends the case p €]1,2[ to p € [4/3,00[. We believe that
Corollary 1.1 is correct even for p €]1,4/3[, yet we shall not pursue this direction here.

Remark 1.2. The main ideas used to prove the uniqueness part of Theorem 1.1 for the cases p = 2
and p €]2,4o00| are quite different. For the case when p = 2, we shall combine the Lagrangian
approach with the techniques in [2] to deal with the difference between any two solutions of (1.1) in
the L? framework (see Proposition 2.3 below), which is also different from the Lagrangian method
in [16] where the smallness of the variation of the initial density is required. While for the case
when p €]2, 400, without the smallness assumption on the variation of the initial density, it is
difficult for us to close the estimate for the difference in the LP framework if we use the Lagrangian
approach. Instead, we shall perform the estimates in Euclidean coordinates and rely on the Osgood
Lemma to conclude the uniqueness part in Section 4.

The structure of this paper lists as follows: In Section 2, we shall first collect some basic facts
on Littlewood-Paley theory, and then to apply it to study some commutator’s estimates, finally we
shall apply the previous estimates to investigate the linearized equations of (1.3). In Section 3, we
shall derive the necessary a priori estimates used in the proof of Theorem 1.1. In Section 4, we
shall conclude the proof of Theorem 1.1.

Notations: For two operators A, B, we denote [A4, B] = AB — BA, the commutator between A
and B. For a < b, we mean that there is a uniform constant C, which may be different on different
lines, such that a < Cb, and Cj, denotes a positive constant depending only on the norm to the

initial data. a ~ b means that both a < band b < a. Forr € [1,4+00] and N def NU{—1}, we denote
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{cqrtqez (or {cgr}, i) @ sequence in £7(Z) (or ¢"(N) ) such that ||{cgr}qller = 1. In particular, we
designate c41 by dgq and ¢4 2 by c.
For X a Banach space and I an interval of R, we denote by C(I; X) the set of continuous
functions on I with values in X, and by Cy(I; X) the subset of bounded functions of C(I; X). For
€ [1, +o0], the notation LP(I; X) stands for the set of measurable functions on I with values in
X, such that t — || f(¢)|| x belongs to LP(I).

2. PRELIMINARIES

2.1. Basic facts on Littlewood-Paley theory. The proof of Theorem 1.1 requires Littlewood-
Paley theory. For the convenience of the readers, we briefly recall some basic facts in the case of
x € R? (see, e.g. [7]). Let x(7) and o(7) be smooth functions such that

3 8 B
SupptpC{TeR:1<T<§} and VT>0,%@(2 ir) =1,
q

4
SuprC{T€R20§T<§} and V7 >0, x(r +Z<p2q7 ) =1,

q>0
we define the dyadic operators as follows: for u € &,
Agu def ©(27YD))u Vq € Z, and Syu def Z Aju,
Jj<q—-1
(21) qg—1
Aqu def e(27YD)uif ¢ >0, A_ u = X(]D|)u and S5, u % Z Aju.
j=—1

The dyadic operator satisfies the property of almost orthogonality:

AAu=0 if |k—q >2 and Ap(S, 1uAu) =0 if |k—q| >5,

2.2
22) AAgu=0 if |k—q|>2 and Ag(S;—1uldgu) =0 if |k—gq|>5.

Definition 2.1. Let s € R, 1 < p,r < +00 and N Ny {—1}, we define

(1) the inhomogeneous Besov space By, to be the set of distributions u in S’ so that

i

I

lullB;,,

<
o)

(2) the homogeneous Besov space BI“;’ to be the set of distributions v in S, (S}, def {u €
S, )\lim |0(X D)u||L= = 0 for any § € D(R?)}) so that
—+00

lull g %
Bgy,.

205 || A < .
| Aqull Ly oy

Remark 2.1. (1) We point out that if s > 0 then By, = Bfm NLP and
lulls;,, = llullg, A+ [lulle-

(2) Ifue BS  ,NBS__ands <3, 0¢c(0,1),1<p< oo, thenu€B98+(1 0)3

o0 and
¢ 1 1 0 1-6

2.3 st1-0)s < -4 — s 5

(23) Jull oesci-me < 5 (5 + 7)Mol 5"
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(3) Let s € R,1 < p, 7 < 400, and u € S;. Then u belongs to B;T if and only if there exists
some positive constant C' and some nonnegative generic element {cqr}tqez of £"(Z) such
that |[{cqrtqezllerzy = 1 and for any q € Z

(2.4) 1Aqullze < Ceqr2™®ull, -
Similarly, for w € 8, u belongs to By, . if and only if there holds
(255) [1Aqullr < Ceqr2”%||ullBy .

We also recall Bernstein’s inequality from [7]:

Lemma 2.1. Let B % {¢ € R?, |¢] < 3} be a ball and C def {¢eR*3 < |¢| <8} aring. A

constant C' exists so that for any positive real number A\, any nonnegative integer k, any smooth
homogeneous function o of degree m, any couple of real numbers (a, b) with b > a > 1, and any
function u in L%, there hold

Supp @ C AB = sup [[0%]|ps < C’k+1)\k+2(%_%)||u||m,
|ae|l=k

(2.6) Supp @ C AC = CTVFNF||u| e < sup [|0%u)|ze < CFNF||ul| e,

|al=k

Supp @ C AC = ||o(D)ul| s < ComA™ 2= ||u| 1o,

with o(D)u dzef]:_l(a a).

In what follows, we shall frequently use Bony’s decomposition [9] in both homogeneous and
inhomogeneous context. The homogeneous Bony’s decomposition reads

(2.7) w = Tyv + Tou = Ty + Tyu + R(u,v),
where
def . : ;  def : . def v X .1 A def :
Ty = ZSq,lquv, Tyu = ZAqu Sq+20, R(u,v) = ZAqquv with Agv = Z Ay,
q€L qEL qeZ l¢"—q|<1

and the inhomogeneous Bony’s decomposition can be defined in a similar manner.
We shall also use the following law of pra-product.

Proposition 2.1 (Theorems 2.47 and 2.52 in [7]). (1) There exits a constant C' so that for
s € R; t< 07 P, p1, P2, Ty 11, T2 € [17+OO]7

1Tl 5y < C¥H ullgoololl 5,

(2.8) Cls+tl+1 1
. def 1 1 1 def 1 1
s < . oo SE o=, = , il
ITuvl e < ———llully Nollg,  with ot min 1 o 7«2)
(2) Let (s1,s2) be in R? and (p1,p2,71,72) be in [1,+o0c]*. We assume that }D d:efp% + p% <1
and 1 def 1 + L < 1. Then there exits a constant C' so that

s 1 T2

s1+sa2+1 )
| R(u, U)HB;}jSz < ﬁHUHB;;” HU||B;§,T2 if s1+s2 >0,

IR(w, )l gy < Clullgs Nl if r=1and s +s=0.

In order to obtain a better description of the regularizing effect of the transport-diffusion equa-
tion, we shall use Chemin-Lerner type norm from [10].
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Definition 2.2. Let s € R, r,\,p € [1,400] and T > 0. we define
def def

‘2(]5 ||A¢IUHL>‘ @),

IQQSHAWHLA (LP)

lullzs s R . .

Finally we recall the following commutator’s estimates which will be frequently used throughout
this paper.

Lemma 2.2 (Lemma 1 in [27], Lemma 2.97 in [7]). (Commutator estimate) Let (p,s,r) € [1,+00]3
satisfy X = % + 1,0 be a C* function on R such that (14 |-[)0 € L'. There exists a constant C
such that for any function a with gradient in LP and any function b in L®, we have, for any positive

A,
(2.9) 10X D), albll - < CA7H[[Val|zo|[b]| =
2.2. Some useful estimates. In this subsection, we shall apply the basic facts in the previous

subsection to study some estimates, which will be used in the subsequent sections. We first present
the following commutator’s estimate, the proof of which is given for the sake of completeness.

Lemma 2.3. Let p € [2,00[ and u be a solenoidal vector field with Vu € L?. Then there holds

2 .
(2.10) Z?q(*”?) 1Ag, - Vulrr S || Vull2a.
q€Z

Proof. Thanks to Bony’s decomposition (2.7) and the fact that div u = 0, we decompose [A,, u-V]u
into the following four terms:

(2.11) [Aq,u V]u = AQ(ajR(Ujau)) + Aq(Tajuuj) - T,A ) uuj + [Aan i|0ju def ZR

qYj

where repeated indices means the summation of the index from 1 to 2.
We first deduce form Lemma 2.1 that

3_2 < . .
IR <2°C2) S Agul e Agd | 12
k>q—3
_2 _2
<203) T 22 vul, < 22003 v,
k>q—3

Here and in all that follows, we always denote {c,}4cz to be a unit generic element of £2(Z) so that

quz ¢t =1. ‘
Whlle considering the support properties to the Fourier transform of the terms in Ty ,u’, we
infer

IRIe S D NSk-1 V|l rool| Agul| o,

lg—k|<4
yet it follows from Lemma 2.1 that
(2.12) 1Sk-1Vullze S D 21 AVull 2 S ex2¥|Vul 2,
(<k—2

so that we infer
_1 .
IR < S 2 (75) Va2 | Al o
lg—k|<4
_2 _2
s 3 @2 ) a5 @203 vz,

~Y
lg—Fk|<4
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Notice that Rg’ =— 3 SpiaA,0;ulpul, one has
k>q—3

1IR3z S 1AVullzee D | Axulro
k>q—3

. 2 _2
<2)ATulr 3 a2 F Tl e < 227070 a2,

k>q—3

For the last term R‘ql in (2.11), we use the property of spectral localization of the Littlewood-Paley
decomposition to write R3 = E‘k7q|§4[Aq, S’k,luj]Akaju, from which, Lemma 2.2 and (2.12), we
infer

IRalle < D 2879 Skoy Vul| oo | Aul| 2o
|k—gq|<4

<o 3 @000 w2, < 220073) w2,
|[k—q|<4

By summarizing the above estimates, we arrive at (2.10), which ends the proof of Lemma 2.3. [

.2
Lemma 2.4. Let p € [2,00[, A € [1,00[, a € By, and f € L?. Then there holds

(2.13) S 20 ) A, s S llall 3 Wl

qEZ

Proof. We first get, by applying Bony’s decomposition (2.7), that

. . . . def .
(2.14) [Agalf = AgR(a, f) + AgTya T} a—[Ag, T,)f = Y T
=1
In case A < p, we deduce from Lemma 2.1 that
IZglle S 27 |Akall o |Axf 2 S 27 > G2 Hlal 5, £l 2
k>q—3 k>q—3 P
20D jall g 1l < 200D all 5 1710
)\2 A2
While for p < A < 00, one has A > 2 and 2+/\ < 2 < p, so that we infer
1 <qa(1+2-2) ; A
1 Zg 1l r 52 P> 1 Aall Ak fl
k>q 3
1—2
s20E5) 3 a4 ISl 5 220D a4 e
k>q—3
Similarly in case A < p, we have
120 S > 1Sks2Agfll= | Arall o
k>q—3
1—2
<A Al 3 a2 #Hall 5 <200 a1

2 2
P )\
k>q—3 P A
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And in case p < A\ < 00, one has

IZr S ) ||5k+2Aqf|| 2 |Akal
k>q—3

1+2-2 1-2
$e2 (30 S e tal s e 5 22 Nmn ¢ 1515

kzq 3 A2

On the other hand, we deduce from Lemma 2.1 that

12 S ) 1Sk—1f el Agall e

lg—k|<4
s ¥ @D s
lg—k|<4 By
1-2 1-2
<@ 0D al 3 1712 5 220D all g 150
Bp )\2

in case A < p. While for p < A < 0o, we get, by a similar estimate of Zg’, that

IZ3lle S Y 1Sk- ) s 1Akall

\q k|<4
2 1—2
< 3 sznmm<8ﬂ< Dlall 2 16122,
\q k|§4 /\2 B)\Q

Finally it follows from Lemma 2.2 that

IZHe S Y- 279V Skorallze | A sl e
lg—k|<4

<o Y @20 )

2
P
lq—k| <4 By

1f1lz2

<2200 q| »
B;Q

in the case when A\ < p. While for p < A, we infer

IZillr S D 279 VSioal pal|Acf] 2
lg—k|<4 LA

<20 Y @ all g 15 £ 220D a5 171

lq—k|<4 B Bie

1—2
171z 5 22 0 all 3 17152,

2
A
>\

In view of (2.14), we achieve (2.13) by summarizing the above estimates. This completes the
proof of the Lemma 2.4. O

L 142 .2
Lemma 2.5. Let A € [1,00[ and p €]2,00] with § < %+% <1l Letge B, " andf € By
Then we have

S 2 NAR gl S gl g 11,
(2.15) €2 B

D AP, flgllze S lall -1+ [l

qEZ

2
X ’
A

2
BA
)\
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Proof. Similar to (2.14), we write
(2.16) (AP, flg =APR(f,9) + APT,f — T} f—[AP.Tflg = Z/c

As % < % + % < 1, we deduce from Lemma 2.1 that

2 . -~
g e S 259 > [1ARfllpr | Argll oo

k>q—3
2 —k(2421
280 3 a2 B g ol s
k>q—3 Bloo Bpa
177
a2 0D g ol iz
)\ Bp,l
The same argument gives rise to
gl e S dgll £ 53 Mol oz
)\ p,1

Here and in all that follows, we always designate {d},ez to be a generic element of ¢!(Z) so that

> gez dq = 1. ‘ ‘
Thanks to the support properties of Fourier transform to the terms in Si12A,g9, we get

—k
Il S Y 1Sk s2Bggllz= Ak flle < 20 Aggllo > 27 AL 53
p

k>q—3 k>q—3
<239a,270=2) =391 o gl e
Bﬁ Bml P
1—2
$a 20D ol e

X
B)\, p 1

in the case when A\ < p. While if p < A, one has
200 .
I3 S 239 Agglle D> [Akflrs

k>q—3

<202

B)\% lgll . 71+2 .

pl
Similarly, one has
gl 2 < dgll fll sy N9l sird S dallfll g llall oz
)\

pl p,1

in the case when A < 2. And for 2 < A < oo, we have
2 S 32 I8keadagl o IAuflln S 2G5 Aggllie 32 Ak

k>q—3 k>q—3

AR S RN

k>q—3

ol 113

p,1

lgll 142 S dall £,
1

2
BA
p A

2
BA
)\

Notice that

1Sk—19ll L < Z 25 NAglre S lgll S142 Z df2£<dk2k”9” S1+25
(<k—2 Byy ¥ Sl s By
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so that one has

I3 S D IAfllLellSk-19l 2

lg—k|<4

1-2 1—-2
<d 20N s S a2 0TI 5 ol s
B B P B B P

2 2
P A
P,00 p,1 A,00 p,1

in case A < p. For p < X < 0o, one has

. 2, - k(1+2-2
1Sic1gl 5 S 280Aglr S a2 g s,
LATP ks p.1

from which, we infer

K2 S > ”AkaLAHSkflgHL/\LjP
lg—k|<4

2
< 4,290-2) _
S dg ||f||B§OOHg||B;+%
Similarly, one has
K2l e < dgll 11 <d
I S dol iy 9 S 15 Nl
in case A < 2. And for 2 < X\ < oo, we have
. 2.2 4y . 2
19619l 2 S 37 25TV Aggll e S di23F gl e,
LA=2 B P
fSk‘—Q p,1
from which, we infer
K2 S 3 1AeflalSirgl o,
lg—k|<4

S dgllfll gz lall -vvz-

2
A

A,00 p,1
Observing that

IVSk1fllze S 3 22D A f) 0 < 2811
1<k—2

% )
B)\,oo

so that we deduce from Lemma 2.2 that

1K e S 277 ) IVSe—1fllzs | Argllrr
lg—Fk|<4

1—-2
a2 5 ol g

2
pY
A,00 p,1

While due to % < % + % and p < oo, we get, by using the inequality (2.9), that

IKCalle S 270 ) HVSkflfHL%HAkgHLP

lg—Fk|<4
—q 2k A
S Y 27920 Ayl £ 2
B
lg—k|<4 Ayo0
SAllfll 2 lgll .z
B)\,oo p,1

By summarizing the above estimates, we arrive at (2.15). This completes the proof of Lemma
2.5. g



WELL-POSEDNESS OF 2-D INHOMOGENEOUS INCOMPRESSIBLE NAVIER-STOKES SYSTEM 11

2

.2
Lemma 2.6. Let p € [2,00] and X € [1,00][. Let u € B p NH' and a € BY,. Then we have

1 2T IAR SpalAulz S 27al

~Y
qEZL

1
(Ivullz2 + HuHLgHuIIQ 3)-

2
BX
Bg, B,

Proof. Once again similar to (2.14), we write
(AP, SpalAu =APR(Sma, Au) + APTALSma

(2.18) . . def o i
— T}, nuSma = [AP, Ty JAu= ZE

It follows from Lemma 2.1 that

S o) et e £ 3020 S 2 A2 Sual o A T 1o

q€L q€Z  k>q—3
S 20 Y G27F VP Shal 2|Vl 2
qEZL k>q—3

S 20| Vallrl[Vul 2 $ 2%l 2 Vullre,

>\2

in case A < 2. If 2 < X\ < 0o, we have

142 2 . . m
S 2D ek < 37 2 ARG, M)l gy, £ 2" ol [l

2
q€L q€L A2

Notice that ||Sp_1Aul|z < 22|Vl 2, we infer

S ez £ 32 ) S S 1 aullue | ArSalles

q€Z q€Z lg—k|<4
<Y o8 S 200 vl s IVl
~ k m BE L
= lg—k|<4 P2
S2%all 2 Vulzz S 2% all 2 [IVullr2,
p,2 A2
in case A < p. When p < A, we have
. 1 1
$e18ull £ S HOFDAT $ 02 U vl

1<k—2

so that one has

OEA TIPS BEL 2 S V. PR VE:

qEZ qEZ |q_k‘<4
<o) S 20t 0-2) vg 0 s Ve
qEZ lg—k|<4 Bia

S2%all g [IVullze.

)\2
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Considering the support properties to the Fourier transform of the terms in Sk+2Aun, we
deduce

_ 2 _ 2 . . .
S ) 13, < 020 ST A Auf e [ ArSmal s
qEZ qEZ k>q—3

2 . .
<Y 20 |9ulle 3 1AxSmallze
q€Z k>q—3
<" |Vulellall 2 < 2" Vullzlal
B B

2
X b
2 X,2

2
P
p,
in case A < p. If p < A, we have
—1 2 1 2 . . .
S o) s, < o) S 1A0Aul s [|AkSiallzs
q€Z q€Z k>q—3

<SS 20RO A V| 12253 | ApVSnal a

q€Z k>q—3
< 2|Vl 2 a5 -
BA,2

Finally we deduce from Lemma 2.2 that

Skl £ 320 ST VSl 2 Al

q€Z q€Z [k—q|<4

2 2 . .
<30 N o | ApVul| e |V Small |
q€Z |k—q|<4 B
< 2"l
B

2
A
Al

2 ull 2
A, 00 Bp,l

While for any N we observe that

. 2 .
< S 29 Agul e + 3 295V Ayl o S 2Vl 2 + 27Nl s
B P

g<N >N p,00

Jull,
p,1

By taking N € Z in the above inequality so that

N -1
22V~ lull 2 el 2.

p,00
we obtain
1 1
(2.19) HUHBP%1 S llullz2lll® 2
) p,1
As a result, it comes out
S 2D e s el 5 ol
q€Z A,00 prlp

By summarizing the above estimates, we arrive at (2.17), which completes the proof of this
lemma. O

By taking the space divergence to the momentum equation of (1.3), we find
(2.20) div((1 + a)VI) = div(aAu) — div(u - Vu).
Let us start with the estimate of || VII| 2.
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.2
Lemma 2.7. Let p € [2,+oo[ and A € [1, +oo] satisfy 3 < %—i—% <1.Leta € By,NL>, VIl € L?,
and u € H! with div u = 0 satisfy the equation (2.20). Then under the assumption that 1+ a > c,
for any m € ZT, there holds

@21) VIl S lla—Swal g ul 3 +2"IVulzzlial ;-

2,2 p,1 A,00

IVl

Proof. In view of (2.20), for any m € Z*, we write

div((1 + a)VII) = div((a — Spa)Au) + div(SpalAu) — div(u - Vu).
By applying Bony’s decomposition (2.7) and divu = 0, we obtain

(2.22) div((1 4+ a)VID) =divTau(a — Spa) + div R(Au,a — Spa) + Ty, _g, o Au
. + div(SpmalAu) — div(u - Vu).

Then we get, by taking L? inner product of (2.22) with IT and using 1 + a > ¢, that

. VI <V 2 (1 Tau(a = $ma)llze + | R(Aw, a — Sna)l .2
+ HTV(a—Sma)AUHHfl + || div(u - V)ul| -1 + || div(S’maAu)HH,l).

It follows from the law of product in Besov spaces, Proposition 2.1, and % < % + % < 1 that

)

[Tau(a = Sma)llzz < IIAuIIB_1+% la = Small ;2 < IIUHBH% lla = Small 2
p,1 2p p,1 A,2

p=22
IR(Au,a = Spa)ll 2 S [R(Au,a = Spa)ll 2,24 S llull 2 lla = Swall 2,
BP A P BX
DPA p,1 A, 00

179030 A0l S NAUl 142 V(0 = Sma)ll 2 S lull 1zl = Small

N
P,2 P{p s p,1 Ay00

While again by using Bony’s decomposition (2.7) and divu = 0, we find
ldiv(Smadw)l s £ [Tog, Aulor + | TauVSmal s + | R(Sma. Au)|:
SV Small <[Vl g2 + IISmGHB;;% HAUIIBP%;Q

< 2" Vullzz (lall o + lall .2 )-

A,00

2
ij=1

Idiv(u- Vu)ll g1 S [Toudull -1 + | R(u, V)| 2 < [[Vul .

By substituting the above estimates into (2.23), we obtain (2.21). This completes the proof of
Lemma 2.7. O

Finally again due to divu = 0, we have div(u - Vu) =) O;ujOju;. As a result, it comes out

2.3. The estimate of the linearized equation. The goal of this subsection is to present some
a priori estimates to the linearized equations of (1.1). We start with the following estimates
concerning the solution of transport equation.

Proposition 2.2. Let m € Z and A € [1,00], let the convection velocity u satisfy Vu € LL(L>®) N
~ . .2
L}.(H?) and divu = 0. Then for ag € By, the following equation

(2.24)

Oia+u-Va=0,
ali=o = ao.
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.2
has a unique solution a € C([0,T]; B ,) so that for all t € (0,7,

(2.25) lall__ 2 < laoll, CIVelyze)

%
( 2) B/\,Z

(14l gy ey e
and

1
. 4 H 2
lo—Small__ 2 5 (3 23Aa0l)*
L= (B3 >
(2.26) g=m

oo c|v
(L) _q Il “HL%

)+ llaoll 3 llullzy e
)2 A2

Proof. The proof of the above proposition is similar to that of Proposition 2.3 in [2], for complete-
ness, we just outline it here. We divide the proof into the following three cases: A > 2, 1 < A < 2,
and A = 1.

Case 1: A > 2. By applying the dyadic operator Aq to the transport equation of (2.24), we write
A0 +u-VAa=—[A,u-Vla,

from which and divu = 0, we infer
t
(2.27) 1Aqall oo 27y < 1Aqaollx +/0 [[Ag,u-Vla|» dr.

It follows from classical commutator’s estimate (see Lemma 2.100 and Remark 2.102 in [7]) that

(2.28) I[Ag - V]a@®)lr S eq(t)27 3V ulola]

)

2
BX
Bg,

which along with (2.27) ensures that

t
. . _2
(2.29) 1Aqall s (zr) < |1Aqaol[pr + C2 A"/0 ca(MIVulllla]l 2 d
A
Hence, one has
~ (e 2 +C/ V’U, o || 2
la HL°°(32 : < flaoll 2 IV ullzelall 5
from which, we get, by applying Gronwall’s 1nequahty, that
(2.30) lall_ 2 <llaoll g ¢ b=,
L°°(B 5) B,
On the other hand, considering ¢ > m in (2.29), we infer
1
- 5
@31 la=Spal e < (3 2MIAm03)" +0 / IV ullzellal 5 d
t ( A2 q>m /\
By plugging (2.30) into (2.31), we obtain
. T A 2 ClIVull 1 (1o
la—Smal__ 2 < (D2 23Aga0la)* + llaoll 5 (7M1= ~1),
7 (Bg2) Bgs

q=>m
Case 2: 1 <\ <2. It is easy to observe that J;a satisfies

(2.32) 0i0ja +u - VOja = —0ju - Va.
Applying the operator A, to (2.32) gives
O A0ja+u-VO;Aa=—A,(0;u-Va) — [Ay,u-V]d;a,
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from which and divu = 0, we infer
t t
1Al on < 1Agdja0llor + /0 1Ay (00 Va)||padr + /0 1Ay, w - VIdjal prdr.

Since 0 < %— 1 < 1, we deduce from classical commutator’s estimate (see Lemma 2.100 and Remark
2.102 in [7]) that

(233)  llall__

2
LS (BA{Z)

t t
< ol 2 +/ 105u - Val dT+c/ lall 2 [Vullo dr.
B}, o 7 B;; 0 B2,

A,

Notice that

195w~ Vall 5, )

A2

S I TopuVall 20+ 1R(O5u, a)ll

2
~ X
2,2 2,2

+ || Twa0:ul| 2_
H Vatj H .32
5 HGHB§ H C“HL(’O + HUHH 2” CGH S—2+2

A2 2
2—x®

and

C”VUHL%(LOO)
)

ClIVul ;1
IVall et | S 1Vl S VAol 7140 S o) g e

2
X
BA oo) B/\,Q

we infer

ClIVull L1 (oo
10ju-Vall 2, <lall .2 [Vulze +Cllao] 2 fullgee " HE.

BR, BR, BR,
By inserting the above estimate into (2.33) and then applying Gronwall’s inequality, we obtain
(2.25). Exactly along the same line, we deduce (2.26).

Case 3: A =1. Taking one more space derivative the equation (2.32) gives
3t3i2ja +u- V(?Z-Qja = —0ju - VOja — 0ju - VOja — @Zju -Va,

from which, we deduce from classical commutator’s estimate (see Lemma 2.100 and Remark 2.102
in [7]), Bony’s decomposition and divu = 0, that

t
Haz?jaHZtOO(B?’z) < Hazzjaoujgg2 + C/o HVUHLOOHGHBiQdT + ]!Tav(l(‘?u\|z?o(3%2) + \ITVQ(‘?ZUIIE%(B%Q)

t
< 9% aoll gy, +C /0 (IVullzellall g2 , + IVal 2 ull ) d.

Yet notice that

C|v ||V
” uHL% e H u||Lt1(LOO)7

9l g2 2y < aoll eV 150 < a5
we find

CHVU‘HL}_

t
10 el sy, < 195aollsg, +C [ (I9ullmllal g, + ol gl o7k )

Applying Gronwall’s inequality leads to (2.25). Similar argument yields (2.26). This completes the
proof of Proposition 2.2. O

In order to prove the uniqueness part of Theorem 1.1 for p = 2, it is necessary for us to study
the following Stokes system:
podiu — Au+ VII = f,  (t,x) € RT x R?,
V- -u=divyg,
AP =divy,

u‘t:() = Uug.

(2.34)
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Proposition 2.3. Let p € [2,+00[ and A € [1, +oo] satisfy & < %—i—% < 1. We assume that 1+ag def

.. ~ 2 2 42
L > L >0 for some positive constant M, u € L (B

=142 142 . —14-2
> 1 ")NLyp(B,,"), and VII € Ly.(B,, ")
solves the system (2.34) for smooth enough f and g. Then there exists a large enough integer my,
which depends only on ||ag| .2 » S0 that for any m > my, one has

BA,2

lull oz +ll(ue, V2, VID] e SV iz
o] B P) [e’e}

2
L (B, PINLi(B,,")

t p,1 t\"p,1 p,1

(2.35)

+ (27VE+2271) ([ (uo, Vo) (f Vdivg, Vel s ).

H 142
B,; ’nL LB, , ?nL?)

p,1

Proof. Let v e, — V®. Then in view of (2.34), one has

O — (1 + ag)(Av — VII) = K, (t,r) € RT x R?,
(2.36) V-v=0,
U‘t:() = o,

where K def (I+ag)f — VP + (14 ap)Vdivg and 1+ ag def p%'

We first get, by using L? energy estimate to the equation (2.34), that
(2.37) IVPovllger2y + V0l 22y S Ilv/povoll e + ([ (VR0 V. f. Vv g)| 1y 2

In what follows, we separate the proof of (2.35) into the following two steps:
Step 1. The estimate of [[v|| _  _,, 2 + || a2

1:' p,1 T( p,lp)
By applying the operator PA, to (2.36) and using a commutator process, we write

A — (1 +ag)AA v = [PA,, ag)(Av — VII) + PA, K,
which can be equivalently written as
poﬁtAqv — AAqv = po [PAq, ap](Av — VII) + pg]PAqK,

By taking L? product of the above equation with \Aqv|p_2Aqv and using integration by parts, we
obtain

1d
pdt
< M| Ayl (IPA,, aol(Av — VI 1o + [PAGK| 1»).

1, . . .
b AquZp — /2 V- (VA) - |Aqv\p_2Aqv dx
R

It follows from Lemma 8 in appendix of [15] that
~ [,V (VA0 Aol A da = 620 Aol
RQ

so that we have
d. 3 102q1 7 A
(2.38) L Agoll]s + pepM™72% | pg Ajullf,

1

S g Aol (1A, ao)(Av = VID)|| o + [PAGK ]| 1),
which implies

. _ 2 .
1Aqu(t)lze Se™ " | Aguoll o

t
4 [ e D (PR, ao)(Bw - VI 1o -+ [PAK 1) dr
0
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Then for any r € [1, 00|, by taking L] norm to the above inequality, we achieve

A _2 A _2 . .
1Agullzy ey S27 7 AguollLe + 277 (| [PAg, ao](Av = VI)|| 1y 1oy + [PAGK |y (10))-

2,2
By multiplying the above inequality by 2q(_1+5+?) and taking the ¢! norm of the resulting in-
equalities, we find
||UH~T 14242 Sllvoll 1+2 + ||K”~ 142
t p,1 B t p,1
(2.39)
+ ZQq H IP’Aq,aO]VHHL1 ey t H[PAqﬂO]AUHLl (L))

q€EZ
It follows from Lemma 2.4 that
> 27 "1)H[PAq,a0]VUHL1 ) S llaoll . 5% VL[| £1(p2)-
qEZ >\

While we get by using Lemmas 2.5-2.6, that

22,1 || [PAg, ao] Aol 310y Sllao — Smaol|

% HUH 1+12)
qEZ A £ p,1 )
. 1 1
2 2
+2 \/ﬂ\aoHBi(HV’UHLg(m + HUHLtoo(Lz)HUHLI( 142 )-
t p,1

Finally we deduce from Lemma 2.7 that

IV 2 < [lao — maoHB2 [0l 12 +2"([Voll 2 lao]l

X2 p,1

+ [ 2

2
B NL>
As a consequence, we obtain

ol 2-av2 Sllvoll iz + (14 flaoll,
Li(Bya ") B,

)(HKH L '71+%F‘IL2) + Hao - SmQOH .

2 v 2 )
! Bﬁ,oo” I, g2

%
)\ t(Bp,l )

p,1
1 1
m 3 bl
P2Vl g (90l + el o0, g )
’ p,
By taking r = oo and r = 1 and using (2.37), we deduce that for m > mgy with mg being large
enough

loll._ yz + ol 2 Sllvoll, a2 +IKN 2
(240) B @D By IR
+ (2™VE+2278) (lleoll 2 + IV ®ellpa ey + £l pa 2y + IV div gl pr )
Step 2. The estimate of [|[VII||  _ 2 +|lvefl . _, 2.
’]j"_ p,1 ;D) T( p,1 )

By applying the operator divA, to the equation (2.36), and using a standard commutator’s
argument, we find

(2.41) div((1 + ag) VAIL) = —A,divK + Aydiv(agAv) + div[A, ag) VIL.
By taking L? inner product of (2.41) with |A,ITI[P=2A,IT and using divu = 0, we find
22| A |7, < — / div((1 4 ao) Ay VIT)|A I[P A TT da
RS
S 2AJ T (1A K N e + 1Ag(a020) o + [1[Ag, ao] VIT] o),

from which, we infer

-1
(2.42) HVHH -1+2 <||K|| -142 + HaOAUH -1+2 +Z2q b )H[Aqaao]VHHLP

By B4 By qEZ
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It follows from Proposition 2.1 that

1 Tao A0l —1y2 S llaollzelvll ,1i2,
B 7 B P

p,1 p1
and
HaoHBAg 1Av]| 51, if A < p,
|Tavaoll 142 S > )
Ol HaollB§ IIAvllelf%%, if p <\
A,00 %Yl
—-p

Whereas as % < % + % <1, one has

Tavao|l 1.2 Slaoll .2 v 2
TAv OHBP,T” [ olIBQwH | i3
and
[R(ao, Av)||  _i 2 S [[R(ao, Av)|  _i2.2 Sllaoll 2 vl 1h2
9 Bp71+p ~ Y BL\erl+>\ ~ B;"oo Bpjp7

pHX’

which yields

laoAvll 2 S (llaollz= + llaoll 2 )HUHBlJr%'
p,1 A,00 p,1

While applying Lemma 2.4 gives rise to

—142) .
S 2 Ay, ao)VTTes 5 ol 5 1911

qEZ X2
Consequently, we obtain

VI, oreg SIE g +00, ang + 9Ty
D,

t p,1 t p,1 t

On the other hand, we deduce from the momentum equation in (2.36) that

Yl oo FIVT v )UK, g
P,

t p,1 t( p,1 )

ol ez S (1 faol

2
2N oo
t p,1 B)\,QmL

Therefore, we obtain

lol vz (V%0 VIL o)l e S leoll ie2
t p,1 t\"p,1 Bp,l

m 2m
+ HKHL%(371+%F‘IL2) + (2"VE 4+ 22) (|lvoll L2 + 10:V @l Ly 12) + 1 Il 12))-

(2.43)

p,1

It follows from the law of product that
K 142 S (I +aoll .2 12 + |V div 142
I HL%(B 1+me2) ( | OHBQQHLOO)(HJCHL}(B 1+me2) | gHL,}(Bp;rpﬂL?))

p,1
+ ||V 1.2 .
|| t‘|Lt1(Bp,1+pﬂL2)

p,1

By inserting the above estimate into (2.43), we achieve (2.35). This completes the proof of Propo-
sition 2.3. 0

To prove the uniqueness part of Theorem 1.1 for p €]2, 0o, we recall the following propositions
from [2].
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Proposition 2.4. (See [2]) Let ug € Byl and v € L%F(Béo,l) be a solenoidal vector field. Let

2,00

fe EIT(B_1 ), and a € E%?(B%l) with 1+ a > 4+ > 0 for some positive constant M. We assume

2,00 = =
that u € L (B }) N LY (B3 ) and VII € L}(B; ) solves
Ou+v-Vu— (1+a)(Au—VI) = f, (t,z) € Ry xR?,
(2.44) divu =0,
'U/‘t:O = Uup.
Then there holds:

2
o(r+r|v “”z%ow;,l)*””"LlT(B;o,l))

HUHL%O(BQ_;O) + H“HZ,}F(B%m) <Ce
% (luoll 1, + 1712y o) + lallzze IV Zy ;)
Proposition 2.5. (See [2]) We assume that a € B%J satisfies 0 < b < 1+ a < b for two positive
constants b and b , and
(2.45) |la — SWHB%,1 <c

for some sufficiently small positive constant ¢ and some integer k € N. Let F' € By ;O and VII def

Hy(F) € By, solve
div ((1 + a)VII) = div F.
Then there holds

IVl g;2 S (1+2%lallpo, , (1 + lallgo, ) (1F gz + [l div Flig 2 ).

3. A prior ESTIMATES
The goal of this section is to present the a priori estimates which will be the most crucial
ingredient used to prove Theorem 1.1. The main result states as follows.

.2
Proposition 3.1. Let p € [2,+0c[ and X € [1, 400 such that 1 < % + 3 <1 Let ag € LN By,

S —1+2 .
with pg = ﬁ satisfying (1.5) and up € B,; "N L. Let (a,u, VII) be a smooth enough solution
of (1.3). Then there are a positive constant C, a large integer mo € N and a small positive time
T1 so that for m > my,

Hvu\|L2T1(L2)+||u|yZIT1(H2)+||uH oz IV (g2

T p,1
1
o <0G e T A + (3D (1 - e Aquo2s)
( . ) q€Z q€EZ
. 1
+ C<22m T + (Z 2§q”Aqa0H%>\) 2)-

qg=m

Proof. We divide the proof into the following three steps.
Step 1. The estimate of ||Vul|2(z2).
We first observe that there holds (1.2) and it follows from (1.5) that

(3.2) M < p(t,z) < Ms.

While similar to the proof of Proposition 2.3, we get, by first dividing the momentum equation of
(1.1) by p and then applying Leray projector P to the resulting equation, that

Ou+P(u-Vu) —P(p~ (Au — VII)) = 0.
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By applying Aq to the above equation and using a standard commutator’s process, we write
PO A u + pu - VAu — AAju = —p[A P, u- Vu+ p[A,P, p7] (Au — VII).
By taking L? inner product of the above equation with Aqu and using the transport equation of
(1.1), we obtain
1d
2 dt R2
< 1Aqul 22 ([lp[AGP, w - Vul| 12 + [|p[AgP, p~ 1] (Au — V)| 2).

plAgul? dx — /]12{2 AAu- Ajude

Observing from Lemma 2.1 that

- [, 24 Ayuda :/Rz VAjul? de > 22| Agul2..

we deduce that for ¢ =¢/M,

d . .
S IVPA s + 2022 /pA ul:
S IVAAullze (AR, u - Full 2 + 14,2, p ) (Au - VIT) | 2),

(3.3)

from which, we infer

. _ 92 .
IvVPAu®) |22 < e /poAquol| 12

(3.4 U e
+/0 ez (H[A P,u- V]ul|z2 + ||[A P p~ ](Auf VH)HLQ)(T) dr.

As a consequence, we deduce from Definition 2.2 that

1 .
IValzz sy S(D0( - e—cﬂ"t)naquon;) (Y NAP - VIul )

N

VA |EZ

(3.5) e o :
(Z I[AGP, p~1) (A = VIT) |2 12, ) .
JEZ

In what follows, we shall handle term by term above. We first get, by applying (2.10) with p = 2,
that

1
(3o MAE - Tl n)* S 1Vl
q€Z

While it follows from (2.13) that

1
(Z||[AqP,P_IWHHit1(L2 2 / > AP, p VI 2dr S HCLH 55 IVII|| L1 (z2),
q€Z qEZ L (B 2,2
which together with Lemma 2.7 ensures that
l .
1AP, oIV 1) S llal 2 (la=Small__ 2 Jull o
<(]EZZ 7 Ltl(L2) Ltoo(B;\,z) L?O(BA/\,Z) Ll(B;J;P)
+ 2"Vt (llall oo (1) + Ha”Lg@(Bf ))HVUHLg(m) + HVU\|%§(L2)>~

On the other hand, notice that
(3.6) (AP, p AU = [A P, a] Au = [A P, a — Sia]Au + [A P, Spa] Au.
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we deduce from Lemma 2.5 that

NI

AP, a — Sma]Aulfy2) % S la—Small__ 2 lull 142
qezz ) et )
Whereas it follows from Lemma 2.6 that
” 1 1
67 (S IARSwaduly ) S2Valll s (Vuligee + e lolt ).
q€Z Ly /\ Lt(Bp,l )
By substituting the above estimates into (3.5), we obtain that for 2 < p < oo,
1
—c224¢ A 2 \2
Vel czqesy < (3000 = e ) Aquolla)* + (Lt fall 2 ) (e = Smal o2 Jull , 1oz
s (5 Wguolla)*+ (15 ol e ) (ISl o Il
m\/ 3 3 2
+ 2™V/t||a 2 ([[Vu + [|u||? ul|? + || Vu )
| ”L;w(BEQ)(H Iz2(r2) + 1l Foo (12l IIL%(B;;) IVull(12)

By inserting the estimates (2.25) and (2.26) into the above inequality, for any n > 0, we find

1
22 A 2
IVulzzze) <O (300 — ) IAguoll2) +nHu||L1(BH%

q€EZ t\Bp1 )
' n uHL%(H%)e ( + | u”Lf(B))
g A 3 ClIVull 1 oo
(0 28 8ganlin)E 4 e ) g,
qa>m Ly (B,1")
Step 2. The estimate of ||uH e -
(Bp 1;0)

We first get, by a similar derivation of (2.38), that
d 1. - . 1 . . _
Zlo7 Aqullf,+pep2 [ AqulTy < 1Aqullze ([[[AgP,w- Vul|p, + [[AgP, p~ '] (Au = VIT)]|r).
from which and a similar derivation of (3.4), we infer

. . t : .
1At < e Aquol o + / e~ DA P, u - V]ul|1» dr
(3.9) 0
t 2 . )
—|—/ e~ T [A P, p~ J(Au — VII) || o dr.
0

Then we deduce from Definition 2. 2 that

U 2q —efCPQth Au
Il o2 S Z 1A ol 2
(3.10) (2
2_1 . . _
£ 32 G (AR - Tl g ) + 1A, 0~ ) (A~ VI 300 ).
qE€Z

It follows from (2.10) that
142 .
2211( +p)\|[AqP,u Vull i ey S 1Vl Zz(2)-
q€Z
Whereas we get, by applying Lemmas 2.7-2.4, that
-1
> oo AR, VI Loy S lall

q€Z L

IV 13 12

.2
BA
>\
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and

IVI Ly zoy Slla = Small__ 2 llull |z + [ Val7ae
(3.11) LE(BLa)  Li(B,,") t
2 VE(lal g+l oz IVl
t

%
/\,oo)

And it follows from Lemmas 2.5-2.6 that

S 2 D (AP, 0 — Smal Al ey S il vz o= Small a
9cZ ‘ LI(B,,7) L (B )
and
S 2 AR, SmalAul i um <2VElall 2 (IVull e + lulZe g 6l s )-
= " nen e sl T )

By substituting the above estimates into (3.10), we achieve

2_q _ 2j .
ll e <0326 (1 — e Aol +nllull s

g1z O e i)
+Cy(1lall_ 2 Y(la=Small__ 2 lul | vz +22"tal2 5+ IVulZage )
ol F(BRa ) "B, naih) L§O(Bf{2) LE(L?)

By taking 7 to be small enough and substituting the estimates (2.25) and (2.26) into the resulting
inequaity, we arrive at

<5206 (1= o0 Aug | 10

]

142
15,5 " o
(313) + (1 + HUHE1(H2))echu”Ltl(Loo) ((22mt + ||VUH%Q(L2))
t t
4 A 1 ClIVul| o
(2 281802} + (T )y ).
q>m Le(Bpa®)

Step 3. The closing of the estimate.
In view of (3.4), we get, by using a similar derivation of (3.8), that

1
—c,22 A 2
Jullzyimy <C (3 (1 = o™ Aguollia) " el ooz
t

qEZ B;DJ )
(3.14) C.(1 . ClIVull g1 00, 92my Vull2
‘ + Co(L+ Nl e +IVullz 22
dq113 L OVl e
(X 2080l + 70 )l g ).
q=m Li(Bpy™)
Let us denote
U) C Vull ooy + ul e+ lullz g
Ly (L?) L%(B;jﬁ) Li(H?)"

Then by summarizing the estimates (3.8), (3.13) and (3.14), we achieve

1
v < 0 26 (10— e Ao + O (D (1 P | Aguoll32)
(3.15) aek qu 1
+CeCU D (14 U()) (22mt +U2(8) + (30 2890 Agag)2,)? + (¢“V0) — 1))U(t)>.

q=m
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Then by first taking m > mg with mg being large enough, and then 77 being sufficiently small in
(3.15), we deduce that there exists a sufficiently small constant Cj so that

(316) I¥ullg, ey + gy, gy +lull iz <o,

7 (Bpa”)

which along with (3.15) ensures

19023 ey + il ey + 0, e
Ty p,1

1
<oy 2B (1 e ) A gugls + (X (1 ) A guol3a)

(3.17) = =

+ G<22m Ty + (Z 2iq||Aqa0\|ik)§>.

gzm
By summarizing the estimates (3.11), (2.25), (2.26) and (3.17), we obtain (3.1) and

(3.18) IVl zoy + el gy + el , vz + 19y, iy < OCo,

T p,1
which completes the proof of Proposition 3.1. ]

Proposition 3.2. Under the assumptions of Proposition 3.1, for any t € [0,71] with T1 being
determined by Proposition 3.1, we have

(3.19) IIUILOO(.%%) +0ully 2y < Gin and VI g T 1Ol gvh) S Cin,

t p,1 t p,1 t p,1

where the constant Cj, depends only on the initial data (po,ug)-
Proof. We first deduce from (3.9) and Definition 2.2, that
2_q : A _
lull iz <lluoll 12 + ZQq(” )(H[Aqﬁ”vu Vull g ey + I[AgP, p~ ' (Au = VI) || 11 (10)),
PB,y ") B,y " ez ! ¢

from which, we get, by a similar derivation of (3.13), that

ul| vz Slluoll Ziiz2 +u 2
Il g, S0l g ol oz

ClIVull 1 (oo
+ (1 fullgagoy)e O HE >((22mt+ 1Vul2 1))
4400 A 1 ClVull 1 oo
(2 2218 Vanl) 4 (Ve g ),
qzm Lt (Bp,l )
which together with (1.2) and (3.18) ensures that
(3.20) e < Cin

t(p,l

While in view of the momentum equations in (1.1), (1.2) and (3.1), we infer
HatUHz%(Lz) S+ HGHLtOO(LOO))(||AUHE%(L2) + ||VHHLt1(L2) + ||UHL§(LO<>)”VUHL§(L2)) < Cin,
where we used the fact that

Ul 72700y < |1 2 S U a2 T+ llu 2 .
[ull2(peey < | ”Lg 3 ) [[ul P | ”Lg 23
This leads to the first inequality of (3.19).
To estimate the pressure function II, we get, by applying the operator div to the momentum
equation of (1.3) and using divu = 0, that

div[(1 + a)VII] = —div[(u - V)u] + div(aAu),
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from which, we infer
div[(1 + a)VAI] = —A div[(u - V)u] + A,div(aAu) + div[A,, a] VIL.

By taking L? inner product of the above equation with |A,IT[P~2A,II and using divu = 0, we
deduce from (1.5) that for p > 1

22| A 017, < / div((1 + a)A,VID)|AJP~2A I da

S 2AGI (2914 (u @ w)llze + [Ag(ala) || + [[[Ag, a] VI 1),

which implies

Hlasul g + 32D A, avis.

Bya q€Z

(3.21) IVIL vz Sllu @l 5
pl p

2
Since B;I(RZ) is an Banach algebra for p < +o00, one has

el
Bp’1

S llull?
BP,

While it follows from the law of product in Besov space and Lemma 2.4 that

HaAuH 2 + 21 1+)H[ alVH||r <|la]| Jull | 1y2
+ ||a 2 ||VII
H HLt (.5 H HLl L2)-

By substituting the above estimates and (3.18) into (3.21), we deduce from (2.25) that

VI e Slull® 2 +al ]| > +a H 2 IIVHIIL1 L2)
LiB,, ) L2(B7 ) Leenid ) B L)) (
< lu 2 lu 2
(3.22) I HZ( g llell 15th)
+ |la u 2 4 ||VID < Chn.
| IIL?O(BEZHLOO)(H HLg(B;*l?’) IV L1 (22) S Cin

Finally we deduce from the momentum equation of (1.3) and the law of product in Besov spaces
that

1Bcull iz Sull® 2 4 (1 [lall ) (Ilu H : VI Lz )
(3.23) LB, ) T sl FLenBl ) B,1) LB 7
< Ch.

which together with (3.22) ensures the second inequality of (3.19). This completes the proof of
Proposition 3.2. 0

4. THE PROOF OF THEOREM 1.1

In this section, we present the proof of Theorem 1.1.

Proof of Theorem 1.1. We divide the proof of Theorem 1.1 into two steps.
Step 1. Existence of strong solutions.
We first mollify the initial data to be

def . def .
(4.1) agn = Qo *Jp, and Ugn, = U * Jn,
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where j,(|z|) = n?j(|z|/n) is the standard Friedrich’s mollifier. Then we deduce from the standard
well-posedness theory of inhomogeneous Navier-Stokes system (see [14, 25| for instance) that (1.1)
has a unique global solution (py, uy,, VIL,). It is easy to observe from (4.1) that

laoall .z <Cllaoll 2 and Juoall | ez <Clluoll iz

L2
mB)?\,Q N2 Nk, nBy, 4

Then under the assumptions of Theorem 1.1, we deduce from the proof of Propositions 3.1 and 3.2
that there exists a positive time 77 so that

U .2 2 + ||Opu _ + ||VIL, a2
i) H n”z’?‘j(Bp,i+12))mL%"1(B;tg) i (H2) H t n”~ (L2) AL (B 1+2) ” || (L2)mL1 (Bp;rg)
(4.2) +llanll. .2 < Cin and M; < Pn(t,m) < M.

LE (B)\A )NLG (L°)
With (4.2), we get, by using a standard compactness argument (see [13] for instance), that (1.1)

has a solution (p, u, VII) on [0,T}] so that

.2 142 1+
a € C(0.T1); BYyn L®), we C(0,Ti: B,, )N Ly (B, "N L (F2),

~ . —1+2 L—142
O e Ly (L) N Ly, (B, *), VIL€ Ly, (L*) N Ly, (B,; *) and M < p(t,z) < M.

.2
Then there exists ¢y € (0,7}) such that u(tg) € H', and it follows from (4.3) that a(to) € B,NL>

142 2
and u(tg) € B ?. As a consequence, with initial data at time ¢g, (1.1) has a global solution (see

[17, 25] for 1nstance) (p,u, VII) so that

(Opu, V2u, VII) € (L2 (Jto, +o0f; L?))®, w e L™([to, +-o0f; H'),
Vu € L*([to, +oof; L) N Llloc([to’ oo[; L™).

On the other hand, we deduce from the inequality (3.9) that for ¢ > ¢

(4.4)

2 —c 2j .
[u ||~ e +IIUH ;43 Z2q - 20| Aguto) || e
[0 ) pl p) ([t07 )7 pl qu
+Z2q H A P, u- V]u||L1 ([to,t); L?) T ”[A P, p~ ](AU— VH)HLl([to,t);LP))v

qE€Z

from which, Lemmas 2.4 and 2.3 and (4.4), we deduce that

1908+ 10y S Tl + 19
10l 53188~ a1y < OO
which along with Proposition 2.2 ensures that
lall (o B < lla(to)] . “(1 + HuHZl([tO’t);HQ))eCHV“||L1([m,t>;L°°> < C(t).
Hence we deduce from inequalities (3.22) and (3.23) that
1(Gru, VID)| ez SO0

L}, ([tos+o0); B, 7)

This completes the existence part of Theorem 1.1.
Step 2. Uniqueness of strong solutions.

We divide the uniqueness part further into the following three sub-steps:
Step 2.1 Propagation of regularity of the density a for p € [2, c0].
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It follows from Theorem 3.14 of [7] that

C .

When p €]2, oo[, we deduce from the transport equatlon of (1.1) that
00;Aga +u-VI;Aja = —A (d5u - Va) — [Ay,u- V)d;a,

from which and divu = 0, we infer
t t
1Aada(t)]| 2, < [Agdjaoll, e, + /0 |Ay(Ou-Va)| o, dr+ /0 l[Agu-Viojal| e, dr

Since 0 < 1 — % < 1, we get, by applying classical commutator’s estimate (see Lemma 2.100 and
Remark 2.102 in [7]), that

t
4.5) 0all 12 <|Bjaoll , -2 +05u-Val_ 2 +C/ IVullz<|8all -2 dT.
LEB 57 ) B " Li(B " ) 0 B P
P P P P

It follows from Proposition 2.1, divu = 0 and p €]2, oo that

t
ITouVal .2 < / IVull=|Vall o 2 dr
B P 0 B "
p—1’ p—1"
and
Tv o:u 2 + |R(O;u, a 2
Tyl o3 HIRGu s
(4.6) SIval . vl HWT 2 1Vl -
AR ST num SVl WVlzn
pf”z“’ -1

By using Bony’s decomposition and substituting the above estimates into (4.5), we deduce from
(3.18) that for t < T7,

IVall -
LE(B_p”
p—

t
SVaol 2 C [Vullp<[|Vall ,_2 dr.
P P
B 0 B

,O0 p’%l,oo L»OO

2
p
p—1 p—1

Applying Gronwall’s inequality gives

Cc||V 0o
(4.7) IVall 2 SVaol o Ve gor ¢ <y,
Ltoo(B Pp ) B Pp
p—1’°° pTIVOO

On the other hand, we deduce from (4.6) that

”TVaajuH 1—

1 +IR@u, ),
LY(B ) Li

_2
B p
t pl,oo

/ Jul vl 5

LIS

p%voo

By inserting the above estimate into (4.5), we infer for ¢ > t( with o < Ty

t
Va 2 <||Val(t 2 +/ Vaullpeo + [|u|l 2)||Va|| ,_2 dr.
a8 IVl SIVal g+ [ (9l + ol IVl 5
We thus get, by applying Gronwall’s inequality to (4.8), that for ¢ > ¢
c(v o :
(4.9) IVal o3 SIVao)l g o M) < o,
LB _p"°
p—1'> oI

where we used (4.4) in the last step.
Step 2.2 The uniqueness of solution in case p = 2.
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We shall use the Lagrangian approach to prove the uniqueness (see [16, 25] for instance). Let
(p,u, VII) be a global solution of (1.1) obtained in Theorem 1.1. Then due to u € L}, (RT; Lip),
we can define the trajectory X (¢,y) of u(t,x) by

atX(tvy) = u(t7X(t7y))7 X(an) =Y

which leads to the following relation between the Eulerian coordinates x and the Lagrangian coor-
dinates y:

t
(4.10) xr=X(ty) =y+ / u(r, X(7,y))dr.
0
Moreover, we can take T to be so small that
T 1
(4.11) / IVt ) et < L
0

Then for t < T, X(t,y) : R? — R2, is invertible with respect to y variables, and we denote Y(t,-)
to be its inverse mapping. Let

u(t,y) def u(t,z) = u(t, X(t,y)) and TI(t, y) H(t X(t,y)).

Then similar to [16], one has

(4.12) we L (RY;BY,) and 0%u,0u, VI € L (RT; BY)),
and
(4.13) vu(t,y) = (Bpu+u-Vu)(t,x), 0pu;(t, ) Zaykuj (t, ) O, Yk
k=1
for z = X(t,y), y=Y (¢, x).
Let A(t,y) def( X(t,y))~' = V,Y(t,z), then we have
(4.14) Veu(t,x) = Alt,y) T Vyat,y)  and  diveu(t, =) = div(A(t, y)a(t, v)),

and (@, V,II) solves
(4.15) poditt — Ayt + VI = div((AA" — 1d)V,a) + (Id — A)TV, 11,
‘ divy a = div((Id — A)a).

Before proceeding, we recall the following two lemmas from [16]:

Lemma 4.1. Let p € [1,00[, then under the assumption that fo |Vyal .

2
BP
P

a constant), for all t € [0,T], one has

_ T
lra= Al s IVl g 104l s SIV,l g A4 = 1] g S I9yal
L;fx)(Bp,l) Lt(Bp,l) pl pl pl Lt(Bp 1)
Lemma 4.2. Let p € [1,00[, and @' and @? be two vector fields satisfying fo Vgt (7, )| 2 dr<c
BP,

(¢ =c¢(p) > 0 is a constant and i = 1,2) and 0u def 2 _ ul, then for all t € [0,T], we have

| A% — All! : SIVy 5UH > and [|8,(A° Al)H 2 S [IVyoul
(351) 51 ;1 Ll(Bp1)

Now let (p?, ', Vl‘f) i = 1,2, be two solutions of (1.1) which satisfy the regularity properties of
Theorem 1.1. Let (¢, A, II%), i = 1,2, be given by (4.10)-(4.13), we set

def

(64,61, VOI) = (A% — Al a? — o', VIT? — VIT').
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Then it follows from (4.15) that the system for (6, VIII) reads
0t — (1+ ag) (Aydu + V,0II) = 6F,
div, 6 = Vo1 : (Id — A?) — Vul : 64 = div, ((Id — A%)61 — 6Aut) % div,g,

(4.16)
A® = div,g,
(S’L_L’t:() =0,
where
— def

6F = (14 ag)(Id — A*)T'V,0I01 — (1 + ag) (64T V,1I1)
+ (14 ag)div, ((A*(AH)T — Id)Vo6u + (A%(AH)T — AL AHT)V,0).
We get, by applying Proposition 2.3 with p = 2, that
||5ﬂ||zgo(33’1) + ||(80u, V364, Vy(sﬁ)”Lg(Bg‘l) S ||5F||Lg(Bgyl) +[Vdivyglly s )
10l + 27V 270 (10 + 1P s + 19 g s s

It follows from Lemmas 4.1 and 4.2, % < % + % < 1, and the law of product in Besov spaces in
Proposition 2.1 that

1P 13g, S+ looll g (100 = A3 ey I 0Ty g
+ ||5ATHLt°°(B%71)Hvy]':‘[luLtl(Bgyl) + H(A2(A2)T _ Id)”Ltoo(Bil)||vy5aHL%(B%,1)
+ 11(A2(A2)T = AMAY) ey ) IVl g 5,))
S PERL P PR (R g P PIE

IVl g ) I V0Tl 1

and
IVdivygll sy ) = Idiveglly s )
_ 2 1
S Hvy(su”Ltl(B;’l)HId —A ||L;>°(B§’1) + [ Vyu ||L%(B%,1)||5A||Lf°(321,1)
SNVt Vi) sy ) IIVe0Tl Ly )
and

102339 ) SHOA® Sy sg  + 1(Td =A%) Budlly g ) + 10 AT Ny g ) + 194D Ny g
1 1
(N7, 0 gy )+ 1 e g 1y )
_ 2 _
% (100l e g + 10920, A6l g )
Observing that 38,1 — Bg’z, we have
||at9||Lg(L2) + H(SFHLtl(L?) = ||at9||Lt1(Bg}1) + ”5F||Lt1(33’1)-
As ®(0) = 0, there holds ®(t) = f(f 0-®(7)dr, so that one has
HV@HZ?(B%I) S ||5t9||Lg(Bg,1)‘
Finally let us turn to the estimate of |V || Li(52,)" Indeed it follows from the law of product that
. _ 2 -1
IVl sz, S 1dvugllnysy ) S 1V0El Ly sy M = Al ey ) + IV Ly sy 1041 ey,

S 19e 305 190y, + 190 Ly 90y
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By substituting the above estimates into (4.17), we obtain
”6aHZ°° '0 + ||(8t5a7V26a,V 51:[)”L1 Bo

<c(||<v2u1 Va2, VI, 0,y e +|ru1||2w e 17y sy )

Then by taking ¢ to be so small that

C(I(vyat, vy, VIt 0|l s g a2 1z

Hu ) <1,

ooBO LlBl)

we deduce the uniqueness part of Theorem 1.1 for the case when p = 2.

Step 2.2 The uniqueness of solution in case p €]2, ool.
Let (p*,u', VII'), i = 1,2, be two solutions of (1.1) which satisfy the regularity properties of

Theorem 1.1. We set p = L and denote

(6a, du, VOII) = def (a? — a*,u® — b, VIIZ — vIIY).

Then in view of (1.1), the system for (da, du, VOII) reads

dda + u? - Va = —u - Va',

Orou + (u? - V)ou — (1 + a®)(Adu — V) = JF,
div du = 0,

(9a, du)li=o0 = (0,0),

(4.18)

where JF' is determined by §F def —(0u - V)ul + a(Aul — VIIY).

To estimate du, for integer k € N, we first write the momentum equation of (4.18) as

dou + (u? - V)ou — (1 + Spa?)(Adu — VOII) = 6F;, with

(4.19) e

0Fk a? — Spa®)(Adu — VOII) — du - Vu' + da(Au' — VITY).
Then we get, by applying Proposition 2.4 to (4.19), that for all ¢ €]0, 77,

C(t+4]V Sa?|2
H(suHL;m(BjSO) + Héu”ztl(B%oo) <Ce

< (107kllzy 52 + 196V I zge gy ) IVOTlIy 55 )

2
LOO(Bl )+||U HL%<Béc,1))

(4.20)

Notice that
Hvska HLOO(BI )~ S HVSkGQHLoo L?) + HVSka HLOO BL))
S ”CLQHZ?(B%’I) + 2k||a2HLoo(Bl )~ 2kHa2||Loo 1)

By substituting the above estimate into (4.20) and using (4.3), we obtain

(4-21) H(SUHL?O(BE,io) + ”(SUHE}(B%’OO) < C€Ct2k(‘|V5H|’z%(B£io) + H(S‘FkHE%(Bz_,io))'
On the other hand, we get, by applying div to the momentum equation of (4.18), that

(4.22) div((1 + a®)V6Il) = divG

with

5
G Y (a? — 5,0 Abu + Spa®Adu — bu - Vu' —u? - Vou+ Sa(Au' — VI €31,

/=1
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We deduce from Propositions 2.2 and 3.1 that, for any small constant ¢y > 0, there exist suffi-
ciently large jo € N and a positive existence time 75 such that

2 Q. 2| 2 a2 . .
(4.23) |la® — S;a HL%‘;(B%,D <lla* — Sja HL%‘;(B%,J < ¢y, forany j> jo.
Then we get, by applying Proposition 2.5 to (4.22), that
- 9 .
(4.24) HV(SH”Z%(BZ;) S (1 +2/[|a Hzgo(gé’l)(l + [la Hzé”(B%,J))(HGHE%(BE,;) + HdWGHE%(BQ—ﬁO))-
While it follows from Lemma 2.1 and product laws in Besov spaces in Proposition 2.1 that
||Il||Z%(B;,§o) + ||diVIl||E%(B;’§O) SHIlHZ,}(B;iJ S ||a2 - Sma2||ztoo(3571)H(SUHZ%(B%N)
and
2l 722 ) + IdivI2llzy g2
SJ |’TS7,La2A5U|’Z%(B£iO) + |’TA5uSma2|’z%(B£§O)
+ HR(SmaQ, Aéu)”itl(giéo) + "TVSma2A5u|’Z%(B£iO) + |’TA6uVSma2”Et1(B£§O)
S (HSmGQHLtw(Loo) + 2"V Sma2HL;’O(Bg’l))Héu”E%(ngo) S 2mHaQHzgo(B%71)H5qut1(Bgm)-
Along the same line, one has
T, divIg) 7y ez )+ Mallzy sz )+ divhalizy e
5”&”ZRB£;J‘%”1L2V6UHZ“B;i)+'HTV&ﬂPHEHBQi)‘FHI“UQNMOHZKBQ&)

+ (1T Voullgy 2 ) + ||Tv5uVu2HZ%(B£§O )+ [R(Oeu?, oue)llzy sy )

t
S [ Woullgg (s, + 1l )b
0 ,00 3 3
To deal with I5, we write by using Bony’s decomposition that
(4.25) I5 = da(Au' — VIT) = Tayi_ymida + Tse(Au' — VIT') + R(Sa, Au' — VIT).

It follows from product laws in Besov spaces in Proposition 2.1 again that

t
|1 Taut —vmrdallzy g1 5/0 16allpg (HAulnB;},m + \\VﬂlﬂBgol,oo)dT

t
1 1
S [ oallsg (1A' iy + VI )

p,1 p,1
and
1 1 ! 1 1
ITsa(dut = VI gy 50, S [ Woallpg (1Al g + VI i) dr,
»00 0 ) Bp’1 prl
and 1 1 1 1
|R(a, At — VI |7y 51 ) S R0, Au® = VI 1
t
S da 2 Aul .2+ VHl _,2)dT.
AR (PR L NN
. —1+42 -1+2
Since p > 2, B, Py B, P as a consequence, we have

t
: 1 1 1 1
35, divIs)li g ;2 ) S (A’ = VI |y 01 5/0 H(SaHBl;% (A, TI)| 3 dr

1
et P,
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where we used the fact that (p > 2)
||AUIH pz t anln 142 S HAul” 2t HVHIH 142
B P B p B P B p

p,1 p,1 p,1 p,1

By summarizing the above estimates, we obtain
1Glzy 2 + 19V Gl ;2 S 107 = Sma®l ey ) 100l sy ) + 2" W00l g

t t
[ Mol Nt sy, dro+ [ 6l g Al VI g dr
0 00 , 0 B, _ B

1
521 P,

By substituting the above estimates into (4.24), we arrive at
T 2
IVl ;1) S (4 2llelze iy (L ol gy )

2 2
< (19° = Sma® gz g I0lzy gy +2" Woulzy

t t
+ / 18l s I, w2 o dr + / 8all o5 (Aul, VI s dr).
0 00 , 0 B ," B

0o p,1

(4.26)

p—1
To handle the estimate of ||§.F ”Zl( Byl) e get, by applying the law of product in Besov spaces,
t 2,00
Proposition 2.1, that

10Fullgy 52y S lla® = Ska®lgze gy (180Ul gy st ) + VT )

20 + tl\éull Lt g dr+ t|]5a|| o (a2 + VI, 2)dr
0 BQ_,OO Boo,l 0 Bl;ﬁ B;:ﬁ B_1+E .

,1
—1 p

For m, k > jo and ¢t < Ty, we get, by substituting (4.23), (4.26) and (4.27) into (4.21), that
loull ey + N0ulzy g ) + IVOUlIEy (57 )

k .
< Ce? (23Ha2 - SmGZHEgo(B%’l) + ||a2 - SkCLZHZtoo(B%’l))(H(SUHZ%(B%’OO) + |IV5H||Z%(B£;))

4.28 ki [ t
(428) 4 ceon 2,( [ 1l et sy drt [l st VHI)H.Hng)

p’%l,oo p,1

Ct2k ]
+ Ce“t 2m+]‘|5“||ig(33’oo)'

1 1
Notice that [|ullzy sy ) < I6ulZ, 0 ISullZy 0 |

, we infer

) 1 .t
(4.29) Celt2 2m+ﬂ||5u|ym(33 < 5”5“”2% + el 22m+29/0 ”MHBQ; dr,

oo) (B3,00)

On the other hand, in view of the first equation in (4.18), we deduce from the classical estimate of
the transport equation, that

C 2
Iall 2 <lbu-Var| e VOO Spsu-val]
Loo(B p LI(B p Ll( P )
k pgl’oo k pgl’oo ‘ pfl’oo

Thanks to Proposition 2.1, one has

. 1 < o 1
Jou- Vel oy S (bl + Wl DIVl oy
P 500 b5 o0
ou-Vat|+, < ||du 2 |[|[Val _2
Jou- eIy, 51801, o V0]
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which along with (2.3) yields
-Va'! < -Va' Vall+,
o Vel g Sl Vel g eVl

1
p P . )
pil,OO 7})71,00 P

S Uulsyumy + Wl + 100l g IV g
t , t

S Udulzyumy + 10ulgy g DIVl 1og
t P

Hence, we obtain

loall xS (ISullyaey + Wullp IVl
LE(B_p” Lo LB _p” )
(430) p—1° p—1°°
S 0ull Ly ey + ||5UHZ§(B%’OO)-
Inserting (4.29) and (4.30) into (4.28) yields
‘|5u|’L§°(B;iO) + ||5UHEt1(B%700) + HV(;HHE%(B;;)

k .
< Ce“t? (2]Ha2 - Sma/2||ztoo(B%71) + ||a2 - SkCZQHZtoo(B%’l))(H(SUHZ%(B%’OO) + |’V5H||Zt1(3£io))

t
+CeCt2k2j</ oul| 5 ul,u2 dr
) ol Nt )l

t
+ / (I6ull 3 (2o + 180l 71y ) I(AuL, VI 3 dr)
0 T ,00 B p

p,1
t
1Ol 22m+2]/ H5UHB;1 dr.
0 ,00
Therefore, for given m, k > jo, taking ¢g > 0 in (4.23) small enough, we deduce from (4.23) that
any t < Th,

16ull oy ) + 10Ul sy ) + IV 7 (550

t
< 0o ([ Ioulg It s, dr

(4.32) t 1 1
+/ (10l Ly (rooy + 10Ul 71 gy ) I(Aul, VID)| 2 dT)
0 TV 200 B

p,1

t
+ 0O 222 [ by dr
0 2,00

Then for T3 € (0,7%] being small enough, we deduce that for all ¢ € [0, T3],

H‘;UHLgO(BQj;O) + ||5U||Z%(B%’m)

(4.33) t
< /0 (10ula ey + 60l g2 gy ) ('l vz + VI ) d

p,1

Let N be an arbitrary positive integer which will be determined later on, we write
[PISESTTFFIRES () DERIND DI Dy | V1 s
~1<g<N N+1<g<2N  ¢>2N+1

from which and Lemma 2.1, we infer

160l z1 2y S 2V 100l 2y ey + NlSullzy gy ) +2 N IV8ulzy o
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If we choose N so that

N~ ln(e N [oull L1 r2y + HWUIIL;(Lm))
||5U||Z71'(B%,oo) ’
we obtain
du + | Vou o
IBulls iy < Iullzy gy e+ 12aen * V0l
= H5UH51 1)
(4.34)

< ||6ull+ ln e+ '
lowlizy sy ( Z H5U||L;(BM) )

Notice that for & > 0 and x € (0, 1], there holds
In(e + az™!) <In(e +a)(1 —Inz) and z <z(l—Inz).
Then by plugging (4.34) into (4.33), we find
Iull e rny + 10ullzymy )

4.35 t
39 S [ 160l 5y ) (1~ 0180l 5y ) (Il oz + 19T o) dr
0 ’ p 1 p 1

As fo P (e hw) = 400, and ||Aul||z2 + ||VII}]|;2 is locally integral in t € RT, we deduce from
Osgood’s Lemma (see [22] for instance) that du(t) = 0 for ¢ < T3, which together with (4.30) and
(4.26) implies that da(t) = dVII(t) = 0 for all t € [0, T3].

The uniqueness of such solutions on the whole time interval [0, 400) then follows by a bootstrap
argument, which completes the proof of Theorem 1.1. O

Finally let us present the proof of Corollary 1.1.

Proof of Corollary 1.1. We first deduce from Theorem 1.1 that the system (1.1) has a unique
global solution (p,u) so that

2
TP L) A LRy L),

2p
22

u € C([0,00f; B31) N Lipe(R4s B34),
VII € Llloc<R+; Bg,l) and dwu € Llloc(R-i—; Bg,l)'
It follows from (3.9) that

pl—1e (0,0 B

lull iz A+ ull 03 <Huoll Lz 20 ”1)H[A P,u- Viull L1y
t ( p,1 t( ) pl QEZ
(4.36)
+22q || A P, p~ ](AU— VH)HL}(LIJ)-
qEZ

By applying classical commutator’s estimate (see Lemma 2.100 and Remark 2.102 in [7]), we have

(437 S 208 R Thuligon S [ VUi )]y

qEeZ p,1
To handle the last term in (4.36), we write, by using homogeneous Bony’s decomposition, that
(with f = Au — VII)

(4.38) (AP, alf = A;PTia + A;PR(a, f) — — [A P, T.]f.

AIP’f
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Due to p €]1,2], it follows from Lemma 2.1 and the law of product in Besov spaces that

IAPT ally 1oy S 42" 7 lall__ 13 Iy,
Ltoo( 2p 1
P’

IAPR(@, Dllyan S 42 Hal a1y,

[\
|

t 2p
2—p >
While we observe that
1—2
T4 ppllizen S 32 WSerBad lnpunlideal o S da2" M lall vz 1 lzyag, )
k>q—3 ?) ’?O(BQJZZ,O) z1

2—p’
Finally, it follows from Lemma 2.2 that

82 Tl Iy S Y 2IVSaal e I8kl
lg—k|<4 ‘

1—2
N dqu( p)”“” o142 )HfHLtl(Bg’l)'

t 2p
2—p >

By summarizing the above estimates, we arrive at

(139 S G ISR yan Sl g Mo,y
q€Z L (Bzzl 1

By substituting the estimates (4.37) and (4.39) and then applying Gronwall’s inequality, we
achieve

U .2 2 < (JJu 2 +la 2 (fu 2+ ||VII : e Lg(Leo),
Bl 158 g, Ol 1 1ol (Ol + I ,)
=5

While it follows from Theorem 3.14 of [7] that

Cllull g1z
||a”~oo N < laol| . 71+2e PP,
LBy, " By, "
2-p’ 2-p’

As p > 1, we deduce from the inequality (3.21) that
a(=1+2) 1 A
e T R (L e e Ll (LW [T
D

2
r
BP qEZ

1
from which and (4.39), we infer
VI s SR, g el g (g + ).

2 42
(Bpl ) Lt(B:I) LtOO(B 2p Z;) Lt(Bp,l )
2—p’

142
Similarly, we deduce from the momentum equation of (1.3) that du € L%(BPJJF” ). This completes
the proof of Corollary 1.1. U
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