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1. Introduction

We consider herein the 3-D incompressible anisotropic MHD equations

(1.1)


∂tu+ u · ∇u− (νh∆h + νz∂

2
z )u+∇Π = B · ∇B in R+×R3,

∂tB + u · ∇B − (µh∆h + µz∂
2
z )B = B · ∇u,

div u = divB = 0,

(u, b)|t=0 = (u0, B0),

where the unknowns u, B and Π represent the velocity of the fluid, the magnetic field and the
scalar pressure function, respectively. The nonnegative constants νz (or νh) and µz (or µh) are the
vertical (or horizontal) kinematic viscosity coefficient and magnetic diffusive coefficient. In (1.1),
the usual Laplacians in the classical MHD equations are substituted by the anisotropic Laplacians
νh∆h + νz∂

2
z and µh∆h + µz∂

2
z .

The classical 3-D incompressible MHD equations

(1.2)


∂tu+ u · ∇u− ν∆u+∇Π = B · ∇B in R+×R3,

∂tB + u · ∇B − µ∆B = B · ∇u,

div u = divB = 0,

(u, b)|t=0 = (u0, B0),

described the motion of electrically conducting fluids (e.g., astrophysics, geophysics, plasma physics
and cosmology, see [7, 12, 26, 16]). The existence, uniqueness and regularity of system (1.2) has
been extensively studied by many mathematicians recently. For the case that ν > 0 and µ > 0, it is
well-known that Duvaut and Lions [13] proved the local existence and uniqueness of solutions to the
d-D MHD system in the Sobolev space Hs(Rd), s ≥ d. They also obtained the global existence of
solutions under the condition for small initial data. Later on, the global well-posedness of the 2-D
MHD system with large initial data has been established by Sermange and Teman [27]. However, in
the case in which ν and µ are all zero (i.e., the ideal MHD equations), the global well-posedness for
the ideal MHD system remains a challenging open problem. Consequently, on the one hand, focuses
have been on the equilibrium state for the MHD system (1.1) with partial dissipation [4, 33]. On
the other hand, there are some mathematical papers [17, 31, 34] devoting to the global existence
of the MHD system some partial regularity results and Serrin-type regularity criteria.
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Note that when the initial magnetic field B0 is identically zero, the system (1.1) reduces to the
following 3-D incompressible anisotropic Navier-Stokes system

(1.3)


∂tu+ u · ∇u− (νh∆h + νz∂

2
z )u+∇Π = 0 in R+×R3,

div u = 0,

u|t=0 = u0,

which has been extensively studied by many mathematicians recently (see [8],[18],[24],[9], [15] etc.).
In particular, for the case where νh > 0 and νz = 0 the system (1.3) has been studied for the first
time by J.-Y. Chemin, B. Desjardins, I. Gallagher and E. Grenier in [8]. More precisely, the authors
have proved in [8] the local in time existence of the solution when the initial data belongs to the

anisotropic Sobolev space H0, 1
2
+. The global well-posedness was proved for initial data which are

small enough compared with horizontal viscosity νh, and moreover, the uniqueness of the solution

was proved for more regular initial data, belonging to the space H0, 3
2
+, which was removed later

by D. Iftimie [18]. The critical case s = 1
2 was studied by M. Paicu [24], who proved that the

system (1.3) is locally well posed in the anisotropic Besov space Ḃ0, 1
2 , and the global existence

of the solution was proved for small initial data compared with νh. Furthermore, J.-Y. Chemin
and P. Zhang [9] obtained a similar result by working in an anisotropic Besov space with negative
regularity indexes in the horizontal variable, which allows them to prove the global existence of the
solution for horizontal Navier-Stokes equations with highly oscillating initial data in the horizontal
variables. We recall that the main idea in the case where νh > 0 and νz = 0, in order to control
the vertical derivative was to use the incompressibility condition, namely ∂xu

1 + ∂yu
2 + ∂zu

3 = 0,
which allows one to obtain a regularizing effect for the vertical component u3 by using the horizontal
viscosity.

Contrarily to the above situation, the case νh > 0 and νv = 0 is more difficult to study because
of the lack of regularity in two horizontal variables. In fact, utilizing a regularizing effect only in
the vertical direction seems very difficult to recover any regularization in all variables in the general
case. For this reason, many mathematicians turn to studying the well-posedness of some particular
cases, axisymmetric flows for example.

The vector field u = u(x1, x2, z) is axisymmetric (”without swirl”, i.e. uθ ≡ 0), if and only if, ur

and uz do not depend on θ and

u = ur(r, z)er + uz(r, z)ez,

where

er = (
x1
r
,
x2
r
, 0), eθ = (−x2

r
,
x1
r
, 0), ez = (0, 0, 1), r =

√
x21 + x22, θ = arctan

x2
x1

.

A scalar function is called axisymmetric if it has no dependencies on the angular variable θ.
Indeed, for axisymmetric solutions, we have div u = ∂ru

r + ur

r + ∂zu
z = 0. In the case without

swirl, Ukhovskii and Yudovich [29] studied the global regularity of weak solutions of the axisymmet-
ric Navier-Stokes equations applying the global regularity of the vorticity and the global a priori
estimate ∥r−1ω∥Lr ≤ ∥r−1ω0∥Lr for r ∈ [1,+∞]. Later on, Leonardi et al. [20] and Abidi [1] inde-

pendently weakened the regularity assumption for u0 ∈ H2(R3) and u0 ∈ H
1
2 (R3). Furthermore,

Abidi and Paicu [3] improved the regularity assumption to ω0 ∈ L
3
2
,1(R3) and r−1ω0 ∈ L

3
2
,1(R3).

The recent breakthrough is from Elgindi [14] on the singularity formation of the 3D Euler equation
without swirl with C1,α initial data for the velocity. Other results of axisymmetric Navier-Stokes
equations can be found in [10, 32, 36].

Similarly, the axisymmetric ”without swirl” MHD system in this paper means that the solution
of the system (1.2) has the form

(1.4) u(t, x1, x2, z) = ur(t, r, z)er + uz(t, r, z)ez, B(t, x1, x2, z) = Bθ(t, r, z)eθ.
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The global well-posedness of the axisymmetric ”without swirl” MHD equations (1.2) (with ν > 0

and µ = 0) was established by Lei [19] for the initial data (u0, B0) ∈ Hs(R3), s ≥ 2 and
Bθ

0
r ∈ L∞.

Recently, Ai and Li [5] weakened the condition to (u0, B0) ∈ H1(R3) × H2(R3) and ω0
r ∈ L2.

For regularity criteria for the axisymmetric MHD solutions, one may refer to [21, 30, 35] and the
references cited therein.

Consider the case that the anisotropic Laplacians νh∆h+νz∂
2
z and µh∆h+µz∂

2
z have only vertical

viscosity and magnetic diffusion, that is, νh = µh = 0 and νz > 0, µz > 0, the system (1.1) reads as

(1.5)


∂tu+ u · ∇u− νz∂

2
zu+∇Π = B · ∇B in R+×R3,

∂tB + u · ∇B − µz∂
2
zB = B · ∇u,

div u = divB = 0,

(u,B)|t=0 = (u0, B0),

and its corresponding axisymmetric ”without swirl” MHD system can be rewritten as

(1.6)


∂tu

r + (ur∂r + uz∂z)u
r + ∂rΠ− ∂2

zu
r = − (Bθ)2

r ,

∂tu
z + (ur∂r + uz∂z)u

z + ∂zΠ− ∂2
zu

z = 0,

∂tB
θ + (ur∂r + uz∂z)B

θ − ∂2
zB

θ = urBθ

r ,

∂ru
r + ur

r + ∂zu
z = 0.

For the initial data (u0, B0) ∈ H2(R3), and
Bθ

0
r ∈ L2 ∩L∞(R3), Wang and Guo [30] established the

existence of the unique global axisymmetric solutions to the system (1.5).
We remark that in previous works, well-posedness results were established for the initial data

with high regularity. With the high regular initial data, the Lipschitz norm of the velocity u is
locally integrable with respect to time t in R+, which ensures the propagation of the regularity of the
solution. A natural and important question is whether a corresponding well-posedness result can
be obtained for low regularity data. This kind of result may be helpful to understand the possible
blow-up mechanism of the solution to the system (1.5), and shows that the model is applicable for
general data without high regularity.

Our aim is to establish a family of low regularity global unique solutions to the axisymmetric

”without swirl” MHD equations (1.5). Notice that the vorticity∇×u = ωθeθ with ωθ def
= ∂zu

r−∂ru
z.

Setting ω
def
= ωθ and b

def
= Bθ, we know from (1.6) that (ω, b) satisfies

(1.7)


∂tω + (u · ∇)ω − ∂2

zω = −∂z(
b2

r ) +
ur

r ω,

∂tb+ (u · ∇)b− ∂2
zb =

ur

r b,

u = (−∆)−1∇× (ω eθ),

where the operator u · ∇ def
= ur∂r + uz∂z.

Our main result is given as follows.

Theorem 1.1. Let the initial data (ω0, b0) satisfy

(1.8) ω0, r
−1ω0 ∈ L

3
2
,1, b0 ∈ L3,2, r−1b0 ∈ L

3
2
,1 ∩ L3,2.

Let u0 be an axisymmetric solenoidal vector-field with vorticity ω0eθ which is given by the Biot-
Savart law:

u0(X) =
1

4π

∫
R3

(X − Y )× (ω0eθ)(Y )

|X − Y |3
dY,

and B0 be an axisymmetric solenoidal vector-field with the form B0 = b0 eθ. Then, the system (1.5)
has a global in time axisymmetric solution (u,B) such that the vorticity ω and the magnetic field
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beθ satisfy

ω, r−1ω, r−1b ∈ L∞
loc

(
R+; L

3
2
,1(R3)

)
, ∂zω, r

−1∂zω, r
−1∂zb ∈ L2

loc

(
R+; L

3
2
,1(R3)

)
,

b, r−1b ∈ L∞
loc

(
R+; L

3,2(R3)
)
.

Moreover, if, in addition, the initial data (ω0, b0) satisfies

(1.9) ω0 ∈ L3,1, ∂rω0 ∈ L
3
2 , b0, r

−1b0 ∈ Ḣ1,

then the vorticity ω and the magnetic field beθ also satisfy

ω ∈ L∞
loc

(
R+; L

3,1(R3)
)
, ∂rω ∈ L∞

loc

(
R+; L

3
2 (R3)

)
, ∂z∂rω ∈ L2

loc

(
R+; L

3
2 (R3)

)
,

(∇b,∇ b

r
) ∈ L∞

loc

(
R+; L

2(R3)
)
, (∂z∇b, ∂z∇

b

r
) ∈ L2

loc

(
R+; L

2(R3)
)
,

and the solution is unique.

Remark 1.1. Theorem 1.1 coincides with the primary conclusion of the Navier-Stokes equations
in [3] if the initial magnetic field B0 ≡ 0. In comparison to the result in [30], the uniqueness of
solutions to the MHD equations (1.6) with the low-regularity initial data in Theorem 1.1 is more
challenging due to the lack of the control about the velocity u in L1

loc(R+;Lip).

The proof of Theorem 1.1 is completed in Section 4. We now present a summary of the principal
difficulties we encounter in our analysis as well as a sketch of the key ideas used in our proof.

To obtain the existence and uniqueness of regular solutions of the system (1.5), we need to estab-
lish some higher-order estimates of the velocity field for all T > 0. Since the system is degenerate
along the horizontal direction, it is necessary to establish some new a priori estimates that over-
come the difficulties caused by the lack of smoothing effects in the horizontal direction. To achieve
this, some high-order estimates should be obtained from the system (1.7) about b and the vorticity
∇ × u = ωeθ with ω = ∂zu

r − ∂ru
z. As in the study of the 3-D axisymmetric Euler equations,

for the global existence of the solution to the system (1.7), the point is to control the quantity
∥r−1ur∥L1

t (L
∞). Indeed, compared with the case in the 3-D axisymmetric Euler equations, the ver-

tical dissipation provides the bound of ∥r−1ur∥L1
t (L

∞) by ∥∂z ωr ∥L1
t (L

3
2 ,1)

according to Proposition

2.2. Toward this, we introduce the unknowns (Ω,Γ) :=
(
ω
r ,

b
r

)
satisfying

(1.10)

{
∂tΩ+ (u · ∇)Ω− ∂2

zΩ = −∂z(Γ
2),

∂tΓ + (u · ∇)Γ− ∂2
zΓ = 0.

The energy method applied to (1.10) may give necessary a priori estimates for the proof of the
global existence of the solution to the system (1.7) with the initial data (1.8). Nevertheless, it’s
subtle to get the uniqueness of the solution to (1.7) since the above estimates is not sufficient to
ensure the control of the quantity ∥∇u∥L1

t (L
∞). Our strategy for proving the uniqueness lies in

estimating the system (see (4.3) in Section 4) satisfied by the differences between two solutions
with the same initial data. Due to the presence of the vertical dissipations in (4.3), we need only
to bound the quantities Fi(t) with i = 1, ..., 5 in (4.4)-(4.12) below. Toward this, we can adopt the
energy method to get the bounds of these quantities under the assumptions (1.9).

The rest of the paper is organized as follows. In Section 2, we recall some properties of the
Lorentz spaces and basic lemmas on axisymmetric functions. Section 3 is devoted to some a priori
estimates for the system (1.5). Finally, we present the proof of Theorem 1.1 in Section 4.

Notations: We shall denote
∫
R3 ·dx = 2π

∫∞
0

∫
R ·rdrdz. For A ≲ B, what we mean is that

there exists a universal constant C, which may vary from line to line, such that A ≤ CB. Given
a Banach space X, we shall use (a|b) to represent the L2(R3) inner product of a and b, and
∥ (a, b) ∥X = ∥a∥X + ∥b∥X . The notation Cp is a positive constant depending on p.
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2. Preliminaries

Before to introduce the definition of the Lorentz space, we begin by recalling the rearrangement
of a function. For a measurable function f we define its non-increasing rearrangement by f∗ :
R+ → R+ by

f∗(λ)
def
= inf

{
s ≥ 0;

∣∣{x| |f(x)| > s}
∣∣ ≤ λ

}
.

Definition 2.1. (Lorentz spaces, see [6]) Let f be a mesurable function and 1 ≤ p, q ≤ ∞. Then
f belongs to the Lorentz space Lp,q if

∥f∥Lp,q
def
=


(∫∞

0 (t
1
p f∗(t))q dtt

) 1
q
< ∞ if q < ∞,

supt>0 t
1
p f∗(t) < ∞ if q = ∞.

Alternatively, we can define the Lorentz spaces by the real interpolation (see [6]), as the inter-
polation between Lebesgue spaces:

Lp,q def
= (Lp0 , Lp1)(θ,q),

with 1 ≤ p0 < p < p1 ≤ ∞, 0 < θ < 1 satisfying 1
p = 1−θ

p0
+ θ

p1
and 1 ≤ q ≤ ∞, also f ∈ Lp,q if the

following quantity

∥f∥Lp,q
def
=

(∫ ∞

0

(
t−θK(t, f)

)q dt
t

) 1
q

is finite with

K(f, t)
def
= inf

f=f0+f1

{
∥f0∥Lp0 + t∥f1∥Lp1

∣∣ f0 ∈ Lp0 , f1 ∈ Lp1
}
.

The Lorentz spaces verify the following properties (see [23] for more details) :

Proposition 2.1. Let f ∈ Lp1,q1 , g ∈ Lp2,q2 and 1 ≤ p, q, pj , qj ≤ ∞ for j = 1, 2.

• If 1 < p < ∞ and 1 ≤ q ≤ ∞, then

∥fg∥Lp,q ≲ ∥f∥Lp,q∥g∥L∞ .

• If 1
p = 1

p1
+ 1

p2
and 1

q = 1
q1

+ 1
q2
, then

∥fg∥Lp,q ≲ ∥f∥Lp1,q1∥g∥Lp2,q2 .

• If 1 < p < ∞ and 1 ≤ q ≤ ∞, then

∥f ∗ g∥Lp,q ≲ ∥f∥Lp,q∥g∥L1 .

• If 1 < p, p1, p2 < ∞, 1
p + 1 = 1

p1
+ 1

p2
and 1

q = 1
q1

+ 1
q2
, then

∥f ∗ g∥Lp,q ≲ ∥f∥Lp1,q1∥g∥Lp2,q2 ,

for p = ∞, and 1
q1

+ 1
q2

= 1, then

∥f ∗ g∥L∞ ≲ ∥f∥Lp1,q1∥g∥Lp2,q2 .

• For 1 ≤ p ≤ ∞ and 1 ≤ q1 ≤ q2 ≤ ∞, we have

Lp,q1 ↪→ Lp,q2 and Lp,p = Lp.

Let us recall also the interpolation inequality (see [11]) which allows us to obtain some embeddings
of spaces.

Lemma 2.1. Let p0, p1, p, q in [1,+∞] and 0 < θ < 1.

• If q ≤ p, then [
Lp(Lp0), Lp(Lp1)

]
(θ,q)

↪→ Lp
(
[Lp0 , Lp1 ](θ,q)

)
.
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• If p ≤ q, then
Lp

(
[Lp0 , Lp1 ](θ,q)

)
↪→

[
Lp(Lp0), Lp(Lp1)

]
(θ,q)

.

Recall also the definition of Lebesgue anisotropic spaces. Denote the space Lp
v(R; Lq(R2)) by

Lp
v(L

q
h) with the norm

∥f∥Lp
v(L

q
h)

def
=

( ∫
R

( ∫
R2

|f(x, y, z)|q dxdy
) p

q dz
) 1

p .

Similarly, we denote by Lq
h(L

p
v) the space Lq(R2; Lp(R)), with the norm

∥f∥Lq
h(L

p
v)

def
=

( ∫
R2

( ∫
R
|f(x, y, z)|p dz

) q
p dxdy

) 1
q .

Lemma 2.2. (See Lemma 3.1 in [3]) Let 1 ≤ p ≤ 2 and f ∈ Lp(Rn) such that ∂i|f |
p
2 ∈ L2(Rn).

Then

(2.1) ∥∂if∥Lp ≲ ∥∂i|f |
p
2 ∥L2∥f∥

2−p
2

Lp .

Thanks to Proposition 3.1 in [3], we readily get the following proposition (up to a slight modifi-
cation).

Proposition 2.2. Let u and b be axisymmetric solenoidal vector-field and scalar function respec-
tively with vorticity ω = ωθeθ, which solves the system (1.7). Let (p, q, λ) ∈ [1,∞]3, then we have

ur = ωθ = b = 0 on the axis r = 0,

and the following inequalities :

• If 3
2 ≤ p < ∞ such that 1

q = 1
3 + 1

p , then

∥u∥Lp,λ ≲ ∥ω∥Lq,λ , ∥u
r

r
∥Lp,λ ≲ ∥ω

r
∥Lq,λ , ∥∂zur∥Lp,λ ≲ ∥∂zω∥Lq,λ ,

∥∂zuz∥Lp,λ ≲ ∥∂zω∥Lq,λ , ∥∂zuz∥Lp,λ + ∥∂ruz∥Lp,λ ≲ ∥∂rω∥Lq,λ + ∥ω
r
∥Lq,λ .

• If 3 ≤ p < ∞ such that 1
q = 2

3 + 1
p , then

∥ur∥Lp,λ ≲ ∥∂zω∥Lq,λ , ∥u
r

r
∥Lp,λ ≲ ∥∂z

ω

r
∥Lq,λ , ∥uz∥Lp,λ ≲ ∥∂rω∥Lq,λ + ∥ω

r
∥Lq,λ ,

∥∂zuz∥Lp,λ ≲ ∥∂z∂rω∥Lq,λ + ∥∂z
ω

r
∥Lq,λ , ∥∂rur∥Lp,λ ≲ ∥∂z∂rω∥Lq,λ + ∥∂z

ω

r
∥Lq,λ .

• In the limiting case p = ∞, there hold

∥u∥L∞ ≲ ∥ω∥L3,1 , ∥ur∥L∞ ≲ ∥∂zω∥
L

3
2 ,1 , ∥u

r

r
∥L∞ ≲ ∥∂z

ω

r
∥
L

3
2 ,1 ,

∥uz∥L∞ ≲ ∥∂rω∥
L

3
2 ,1 + ∥ω

r
∥
L

3
2 ,1 , ∥∂zuz∥L∞ ≲ ∥∂z∂rω∥

L
3
2 ,1 + ∥∂z

ω

r
∥
L

3
2 ,1 ,

∥∂rur∥L∞ ≲ ∥∂z∂rω∥
L

3
2 ,1 + ∥∂z

ω

r
∥
L

3
2 ,1 .

The proposition given below can be found in [22], which we will use in the proof of higher order
estimates of (u, b).

Proposition 2.3. ([22]) Let u be a free divergence axisymmetric vector-field without swirl and
ω = ∇× u. Then there hold

ur

r
= ∂z∆

−1(
ω

r
)− 2

∂r
r
∆−1∂z∆

−1(
ω

r
)

and

∥∂z(
ur

r
)∥Lp ≤ C∥ω

r
∥Lp , 1 < p < ∞.
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3. A prior estimates

Proposition 3.1. Assume that 1 < p < ∞, (Ω0,Γ0) ∈ Lp ×L2p, u and b are regular axisymmetric

such that divu = 0. Let Ω
def
= ω

r ∈ L∞
t (Lp) and Γ

def
= b

r ∈ L∞
t (Lp) be regular solutions of the system

(1.10). Then there are

∥Γ(t)∥Lp + Cp∥∂z|Γ|
p
2 ∥

2
p

L2
t (L

2)
≤ ∥Γ0∥Lp ,(3.1)

and

∥Ω(t)∥Lp + Cp∥∂z|Ω|
p
2 ∥

2
p

L2
t (L

2)
≤ C

(
∥Ω0∥Lp +

√
t∥Γ2

0∥Lp

)
.(3.2)

Proof. Let’s first control Γ in Lebesgue spaces. For 1 < p < ∞, multiplying the second equation of
(1.10) by |Γ|p−1sign Γ, and then integrating by parts, we obtain from divu = 0 that

1

p

d

dt
∥Γ∥pLp +

4(p− 1)

p2
∥∂z|Γ|

p
2 ∥2L2 = 0,(3.3)

which yields (3.1).
In order to control Ω in Lebesgue spaces, we will split it into two cases: 1 < p ≤ 2 and 2 ≤ p < ∞.

Case 1 : 1 < p ≤ 2. Taking the L2 inner product of the second equation (1.10) with
|Ω|p−1 sign(Ω), we find

1

p

d

dt
∥Ω∥pLp +

4(p− 1)

p2
∥∂z|Ω|

p
2 ∥2L2 ≤

∫
R3

−∂zΓ
2|Ω|p−1signΩdx,(3.4)

which implies

1

p

d

dt
∥Ω∥pLp +

4(p− 1)

p2
∥∂z|Ω|

p
2 ∥2L2 ≤ ∥∂zΓ2∥Lp∥Ω∥p−1

Lp .(3.5)

Hence, there holds

∥Ω(t)∥Lp + Cp∥∂z|Ω|
p
2 ∥

2
p

L2
t (L

2)
≤ ∥Ω0∥Lp +

∫ t

0
∥∂zΓ2∥Lpdτ.(3.6)

In order to close the above inequality, we may obtain the equation of Γ2 from the Γ-equation in
(1.10) that

(3.7) ∂tΓ
2 + (u · ∇)Γ2 − ∂2

zΓ
2 = −2(∂zΓ)

2.

Similar to the argument in (3.4), we have

∥Γ2(t)∥pLp + Cp∥∂z|Γ2|
p
2 ∥2L2

t (L
2) ≤ ∥Γ2

0∥
p
Lp .(3.8)

Thanks to (2.1), we have∫ t

0
∥∂zΓ2∥2Lp dτ ≤ C∥∂z|Γ2|

p
2 ∥2L2

t (L
2)∥Γ

2∥2−p
L∞
t (Lp) ≤ C∥Γ2

0∥2Lp .

and then, we get, for 1 < p ≤ 2,

∥Γ2(t)∥Lp + Cp∥∂zΓ2∥L2
t (L

p) ≤ C∥Γ2
0∥Lp ,(3.9)

and

∥∂zΓ2∥L1
t (L

p) ≤
√
t∥∂zΓ2∥L2

t (L
p) ≤ C

√
t∥Γ2

0∥Lp .(3.10)

Inserting (3.10) into (3.6) implies (3.2).
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Case 2: 2 ≤ p < +∞. Thanks to (3.4), we have

d

dt
∥Ω∥pLp +

4(p− 1)

p
∥∂z|Ω|

p
2 ∥2L2 ≤ 2p− 2

p
|
∫
R3

Γ2(∂z|Ω|
p
2 )|Ω|

p−2
2 dx|,(3.11)

which leads to

d

dt
∥Ω∥pLp +

4(p− 1)

p
∥∂z|Ω|

p
2 ∥2L2 ≤ Cp∥∂z|Ω|

p
2 ∥L2∥Γ2∥Lp∥Ω∥

p−2
2

Lp .(3.12)

Thence, Young’s inequality implies

d

dt
∥Ω∥pLp +

2(p− 1)

p
∥∂z|Ω|

p
2 ∥2L2 ≤ C∥Γ2∥2Lp∥Ω∥p−2

Lp .(3.13)

Combining (3.13) with (3.8), one obtains (3.2).
Therefore, we finish the proof of Proposition 3.1. □

Remark 3.1. For 1 < p ≤ 2, thanks to (2.1), we have

∥∂zΓ∥Lp ≲ ∥∂z|Γ|
p
2 ∥L2∥Γ∥

2−p
2

Lp , ∥∂zΩ∥Lp ≲ ∥∂z|Ω|
p
2 ∥L2∥Ω∥

2−p
2

Lp ,

which along with (3.1) and (3.2) implies that

∥Γ(t)∥Lp + ∥∂zΓ∥L2
t (L

p) ≤ C∥Γ0∥Lp ,

∥Γ2(t)∥Lp + ∥∂zΓ2∥L2
t (L

p) ≤ C∥Γ2
0∥Lp ,

∥Ω(t)∥Lp + ∥∂zΩ∥L2
t (L

p) ≤ C
(
∥Ω0∥Lp +

√
t∥Γ2

0∥Lp

)
.

(3.14)

Remark 3.2. We denote by T and S the following linear operators:

T : Lp −→ Lp S : Lp −→ L2
t (L

p)

Ω0 7−→ Ω Ω0 7−→ ∂zΩ,

with Ω solution of the system (1.10). By definition, we know that T and S are linear operators, then
thanks to Propositions 2.1 and 3.1, Lemmas 2.1 and 2.2, and Remark 3.1, we obtain for 1 < p ≤ 2,
1 ≤ q ≤ p,

∥Ω(t)∥Lp,q +
∥∥∥∂zΩ∥∥∥

L2
t (L

p,q)
≤ C

(
∥Ω0∥Lp,q +

√
t∥Γ0∥2L2p,2q

)
,

∥Γ(t)∥Lp,q + ∥∂zΓ∥L2
t (L

p,q) ≤ C∥Γ0∥Lp,q , ∥Γ2(t)∥Lp,q + ∥∂zΓ2∥L2
t (L

p,q) ≤ C∥Γ2
0∥Lp,q .

(3.15)

While for 2 < p < ∞, 1 ≤ q ≤ p, we have

∥Ω(t)∥Lp,q ≤ C
(
∥Ω0∥Lp,q +

√
t∥Γ0∥2L2p,2q

)
and ∥Γ(t)∥Lp,q ≤ ∥Γ0∥Lp,q .(3.16)

Corollary 3.1. Assume that (Ω0,Γ0) ∈ L
3
2
,1 ×L3,2 and u a regular axisymmetric vector field such

that div u = 0. Let Ω
def
= ω

r ∈ L∞
t (L

3
2
,1) and Γ

def
= b

r ∈ L∞
t (L3,2) be a solution of system (1.10).

Then there are

∥Γ(t)∥L3,2 + ∥∂zΓ2∥
1
2

L2
t (L

3
2 ,1)

≤ ∥Γ0∥L3,2 ,

∥Ω(t)∥
L

3
2 ,1 + ∥∂zΩ∥

L2
t (L

3
2 ,1)

≤ C
(
∥Ω0∥

L
3
2 ,1 +

√
t∥Γ0∥2L3,2

)
.

(3.17)

In particular, we have for all t ≥ 0,∫ t

0
∥u

r

r
∥L∞dτ ≲

∫ t

0
∥∂z

ω

r
∥
L

3
2 ,1dτ ≤ C

√
t
(
∥Ω0∥

L
3
2 ,1 +

√
t∥Γ0∥2L3,2

)
.(3.18)
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Proposition 3.2. Let 1 < p < ∞, ω0
r ∈ L

3
2
,1, b0

r ∈ L3,2, ω0, b0,
b20
r ∈ Lp. Assume that

ω ∈ L∞
t (Lp) and b ∈ L∞

t (Lp) be a solution of the equations (1.7). Then there hold

∥ω(t)∥Lp +
∥∥∥∂z|ω| p2∥∥∥ 2

p

L2
t (L

2)
≤ C

(
∥ω0∥Lp +

√
t ∥b

2
0

r
∥Lp

)
eCA0(t),(3.19)

∥b
2

r
(t)∥Lp +

∥∥∥∂z|b2
r
|
p
2

∥∥∥ 2
p

L2
t (L

2)
≤ C∥b

2
0

r
∥LpeCA0(t),(3.20)

and

∥b(t)∥Lp + ∥∂z|b|
p
2 ∥

2
p

L2
t (L

2)
≤ C∥b0∥LpeCA0(t),(3.21)

where

A0(t)
def
=

√
t
(
∥Ω0∥

L
3
2 ,1 +

√
t ∥Γ0∥2L3,2

)
.

Proof. Due to the second equation in (1.7), we find

∂t(
b2

r
) + (u · ∇)(

b2

r
)− ∂2

z (
b2

r
) = −2

r
(∂zb)

2 +
ur

r
(
b2

r
).(3.22)

Hence, for any 1 < p < +∞, we have

1

p

d

dt
∥b

2

r
∥pLp +

4(p− 1)

p2

∥∥∥∂z|b2
r
|
p
2

∥∥∥2
L2

= −
∫
R3

2

r
(∂zb)

2(
b2

r
)p−1 dx+

∫
R3

ur

r
(
b2

r
)p dx,(3.23)

which implies

1

p

d

dt
∥b

2

r
∥pLp +

4(p− 1)

p2

∥∥∥∂z|b2
r
|
p
2

∥∥∥2
L2

≤ ∥u
r

r
∥L∞∥b

2

r
∥pLp .(3.24)

Gronwall’s inequality along with (3.18) leads to

sup
τ∈[0,t]

∥b
2

r
(τ)∥pLp +

∥∥∥∂z|b2
r
|
p
2

∥∥∥2
L2
t (L

2)
≤ C∥b

2
0

r
∥pLp exp{C

∫ t

0
∥u

r

r
∥L∞(τ) dτ} ≤ ∥b

2
0

r
∥pLpe

CA0(t),(3.25)

and then

sup
τ∈[0,t]

∥b
2

r
(τ)∥pLp +

∥∥∥∂z|b2
r
|
p
2

∥∥∥2
L2
t (L

2)
≤ C∥b

2
0

r
∥pLpe

CA0(t).(3.26)

Similarly, from the b equation of (1.7), we have

(3.27) sup
τ∈[0,t]

∥b(τ)∥Lp +
∥∥∥∂z|b| p2∥∥∥ 2

p

L2
≤ C∥b0∥LpeCA0(t).

Case 1: 2 ≤ p < +∞. Taking the L2 inner product of the vorticity equation in (1.7) with
|ω|p−1sign(ω), we obtain

1

p

d

dt
∥ω∥pLp +

4(p− 1)

p2

∥∥∥∂z|ω| p2∥∥∥2
L2

=

∫
R3

ur

r
|ω|p dx−

∫
R3

∂z(
b2

r
)|ω|p−1sign(ω) dx

=

∫
R3

ur

r
|ω|p dx+

∫
R3

(
b2

r
)∂z(|ω|p−1sign(ω)) dx.

(3.28)

Hence, using Hölder’s and Young’s inequalities, one has

1

p

d

dt
∥ω∥pLp +

4(p− 1)

p2

∥∥∥∂z|ω| p2∥∥∥2
L2

≤ ∥u
r

r
∥L∞∥ω∥pLp + (p− 1)

∥∥∥∂z|ω| p2∥∥∥
L2
[

∫
R3

b4

r2
|ω|p−2dx]

1
2

≤ η
∥∥∥∂z|ω| p2∥∥∥2

L2
+ ∥u

r

r
∥L∞∥ω∥pLp + Cη∥

b2

r
∥2Lp∥ω∥p−2

Lp

(3.29)
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for any positive constant η. Hence, taking η = 2(p−1)
p2

, we get

d

dt
∥ω∥pLp +

2(p− 1)

p

∥∥∥∂z|ω| p2∥∥∥2
L2

≤ C∥u
r

r
∥L∞∥ω∥pLp + C∥b

2

r
∥2Lp∥ω∥p−2

Lp .(3.30)

Gronwall’s inequality implies

sup
τ∈[0,t]

∥ω(τ)∥pLp +
∥∥∥∂z|ω| p2∥∥∥2

L2
t (L

2)
≤ C(∥ω0∥pLp +

∫ t

0
∥b

2

r
∥2Lp∥ω∥p−2

Lp dτ)eC
∫ t
0 ∥ur

r
(τ)∥L∞ dτ

≤ C(∥ω0∥pLp + t ∥b
2

r
∥2L∞

t (Lp)∥ω∥
p−2
L∞
t (Lp))e

CA0(t),

(3.31)

which along with (3.25) implies

∥ω(t)∥Lp +
∥∥∥∂z|ω| p2∥∥∥ 2

p

L2
t (L

2)
≤ C

(
∥ω0∥Lp + ∥b

2
0

r
∥Lp

√
t
)
eCA0(t).(3.32)

Case 2: 1 < p < 2. The energy estimates infer that

1

p

d

dt
∥ω∥pLp +

4(p− 1)

p2

∥∥∥∂z|ω| p2∥∥∥2
L2

=

∫
R3

ur

r
|ω|p dx−

∫
R3

∂z(
b2

r
)|ω|p−1sign(ω) dx

≤ ∥u
r

r
∥L∞∥ω∥pLp + ∥∂z(

b2

r
)∥Lp∥ω∥p−1

Lp .

(3.33)

which along with (2.1) gives rise to

1

p

d

dt
∥ω∥pLp +

4(p− 1)

p2

∥∥∥∂z|ω| p2∥∥∥2
L2

≤ ∥u
r

r
∥L∞∥ω∥pLp + C∥∂z(

b2

r
)
p
2 ∥L2∥

b2

r
∥

2−p
2

Lp ∥ω∥p−1
Lp .(3.34)

Thanks to Gronwall’s inequality, we deduce

sup
τ∈[0,t]

∥ω(τ)∥Lp +
∥∥∥∂z|ω| p2∥∥∥ 2

p

L2
t (L

2)
≤ C

(
∥ω0∥Lp +

∫ t

0
∥∂z(

b2

r
)
p
2 ∥L2∥

b2

r
∥

2−p
2

Lp dτ
)
eCA0(t),(3.35)

which follows

sup
τ∈[0,t]

∥ω(τ)∥Lp +
∥∥∥∂z|ω| p2∥∥∥ 2

p

L2
t (L

2)
≤ C

(
∥ω0∥Lp +

√
t∥∂z(

b2

r
)
p
2 ∥L2

t (L
2)∥

b2

r
∥

2−p
2

L∞
t (Lp)

)
eCA0(t).(3.36)

Therefore, due to (3.26), we find

sup
τ∈[0,t]

∥ω(τ)∥Lp +
∥∥∥∂z|ω| p2∥∥∥ 2

p

L2
t (L

2)
≤ C

(
∥ω0∥Lp +

√
t ∥b

2
0

r
∥Lp

)
eCA0(t).(3.37)

This completes the proof of the proposition. □

Thanks to Proposition 3.2 and Lemma 2.1, we have the following results.

Corollary 3.2. Let the initial data (ω0, b0) satisfy

ω0 ∈ Lp,q,
ω0

r
∈ L

3
2
,1, b0 ∈ L3, 2 ∩ Lp,q, and

b0
r

∈ L2p,2q ∩ L3, 2.

Assume that 1 < p < ∞, 1 ≤ q ≤ p, ω ∈ L∞
t (Lp,q) and b ∈ L∞

t (Lp,q) be a solution of equation
(1.7). Then there are

• if 1 < p ≤ 2, 1 ≤ q ≤ p, then

– ∥ω(t)∥Lp,q + ∥∂zω∥L2
t (L

p,q) ≤ C
(
∥ω0∥Lp,q +

√
t ∥ b20

r ∥Lp,q

)
eCA0(t) ,

– ∥b(t)∥Lp,q + ∥∂zb∥L2
t (L

p,q) ≤ C∥b0∥Lp,qeCA0(t),

– ∥ b2

r (t)∥Lp,q + ∥∂z b
2

r ∥L2
t (L

p,q) ≤ C∥ b20
r ∥Lp,qeCA0(t).

• if 2 < p < ∞, 1 ≤ q ≤ p, then
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– ∥ω(t)∥Lp,q ≤ C
(
∥ω0∥Lp,q +

√
t ∥ b20

r ∥Lp,q

)
eCA0(t) ,

– ∥b(t)∥Lp,q ≤ C∥b0∥Lp,qeCA0(t),

– ∥ b2

r (t)∥Lp,q ≤ C∥ b20
r ∥Lp,qeCA0(t).

In particular, if ω0,
ω0
r ∈ L

3
2
,1, b0 ∈ L3,2, and r−1b0 ∈ L

3
2
,1 ∩ L3,2, we have

∥ω∥
L∞
t (L

3
2 ,1)

+ ∥∂zω∥
L2
t (L

3
2 ,1)

≤ C
(
∥ω0∥

L
3
2 ,1 +

√
t ∥b

2
0

r
∥
L

3
2 ,1

)
eCA0(t),

∥r−1ω∥
L∞
t (L

3
2 ,1)

+ ∥r−1∂zω∥
L2
t (L

3
2 ,1)

≤ C∥r−1ω0∥
L

3
2 ,1 +

√
t∥r−1b0∥2L3,2 ,

∥ b
r
∥
L∞
t (L

3
2 ,1)

+ ∥∂z
b

r
∥
L2
t (L

3
2 ,1)

≤ C∥b0
r
∥
L

3
2 ,1 ,

∥b
2

r
∥
L∞
t (L

3
2 ,1)

+ ∥∂z
b2

r
∥
L2
t (L

3
2 ,1)

≤ C∥b
2
0

r
∥
L

3
2 ,1e

CA0(t),

∥ b
r
∥L∞

t (L3,2) ≤ C∥b0
r
∥L3,2 , ∥b∥L∞

t (L3,2) ≤ C∥b0∥L3,2eCA0(t).

(3.38)

Below we give more higher-order estimates which will be used in the proof of uniqueness.

Proposition 3.3. Assume that the initial data (ω0, b0) satisfies

ω0 ∈ L3,1 ∩ L
3
2
,1, r−1ω0 ∈ L

3
2
,1, b0 ∈ L2 ∩ L3,2, r−1b0 ∈ L3,2 ∩ Ḣ1.

Let b
r a solution of the second equation of the system (1.10). Then

(3.39) ∥∇ b

r
(t)∥2L2 + ∥∂z∇

b

r
∥2L2

t (L
2) ≤ C∥∇b0

r
∥2L2 exp{CA0(t) + CA1(t)e

CA0(t))},

where

A1(t) ≜ t∥ω0∥2L3,1 + t2∥∇b0
r
∥2L2∥b0∥2L2 + ∥ω0∥2

L
3
2 ,1

+ t ∥b0∥2L3,2∥
b0
r
∥2L3,2 .

Proof. Multiply both sides of the second of (1.10) by −∆ b
r , then integrating by part yields

∥∇ b

r
∥2L2(t) + ∥∂z∇

b

r
∥2L2

t (L
2) = 2π

∫
R2
+

(ur∂r
b

r
+ uz∂z

b

r
)(
1

r
∂r(r∂r

b

r
) + ∂2

z

b

r
)rdrdz

= 2π

∫
R2
+

ur∂r
b

r
∂r(r∂r

b

r
)drdz + 2π

∫
R2
+

uz∂z
b

r
∂r(r∂r

b

r
)drdz

+ 2π

∫
R2
+

(ur∂r
b

r
+ uz∂z

b

r
)∂2

z

b

r
rdrdz ≜ I1 + I2 + I3.

(3.40)

Note that ∂ru
r = −ur

r − ∂zu
z, so we find

I1 = π

∫
R2
+

ur

r
∂r(r∂r

b

r
)2drdz = π

∫
R2
+

ur

r2
r2(∂r

b

r
)2drdz − π

∫
R2
+

1

r
∂ru

rr2(∂r
b

r
)2drdz

= 2π

∫
R2
+

ur

r
(∂r

b

r
)2rdrdz + π

∫
R2
+

∂zu
z(∂r

b

r
)2rdrdz

= 2π

∫
R2
+

ur

r
(∂r

b

r
)2rdrdz − 2π

∫
R2
+

uz(∂r
b

r
)∂z∂r

b

r
rdrdz,

which implies

|I1| ≲ ∥u
r

r
∥L∞∥∂r

b

r
∥2L2 + ∥u∥L∞∥∂z∂r

b

r
∥L2∥∂r

b

r
∥L2 .
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By virtue of ∂ru
z = ∂zu

r − ω and integration by parts, the bound of I2 has

I2 = −2π

∫
R2
+

uz∂z∂r
b

r
∂r

b

r
rdrdz − 2π

∫
R2
+

∂ru
z∂z

b

r
∂r

b

r
rdrdz

= −
∫
R3

uz∂z∂r
b

r
∂r

b

r
dx+

∫
R3

(ω − ∂zu
r)∂z

b

r
∂r

b

r
dx,

which along with the facts ∥∂zur∥L3 ≲ ∥∂zω∥
L

3
2
and ∥u∥L∞ ≲ ∥ω∥L3,1 gives rise to

|I2| ≲ ∥uz∥L∞∥∂z∂r
b

r
∥L2∥∂r

b

r
∥L2 + (∥ω∥L3 + ∥∂zur∥L3)∥∂z

b

r
∥L6∥∂r

b

r
∥L2

≲ (∥ω∥L3,1 + ∥∂zω∥
L

3
2
)∥∂z∇

b

r
∥L2∥∇

b

r
∥L2 .

By Hölder’s inequality, we have

|I3| ≲ ∥u∥L∞∥∇ b

r
∥L2∥∂z∇

b

r
∥L2 ≲ ∥ω∥L3,1∥∂z∇

b

r
∥L2∥∇

b

r
∥L2 .

Substituting I1 − I3 estimates into (3.40), from the fact ∥u∥L∞ ≲ ∥ω∥L3,1 , we obtain

∥∇ b

r
(t)∥2L2 + ∥∂z∇

b

r
∥2L2

t (L
2)

≲ ∥u
r

r
∥L∞∥∇ b

r
∥2L2 + ∥ω∥L3,1∥∇

b

r
∥L2∥∂z∇

b

r
∥L2 + ∥∂zω∥

L
3
2
∥∂z∇

b

r
∥L2∥∇

b

r
∥L2 ,

which along with Young’s inequality implies

∥∇ b

r
(t)∥2L2 + ∥∂z∇

b

r
∥2L2

t (L
2) ≤ C(∥u

r

r
∥L∞ + ∥ω∥2L3,1 + ∥∂zω∥2

L
3
2
)∥∇ b

r
∥2L2 .

Hence, applying Gronwall’s inequality gives rise to

∥∇ b

r
(t)∥2L2 + ∥∂z∇

b

r
∥2L2

t (L
2) ≤ C∥∇b0

r
∥2L2 exp{C

∫ t

0
(∥u

r

r
∥L∞ + ∥ω∥2L3,1 + ∥∂zω∥2

L
3
2
)dτ}.(3.41)

Thanks to Corollary 3.1, Proposition 3.2, and the Sobolev embedding Ḣ1(R3) ↪→ L6,2(R3) (see
[25, 6, 28]), we know that

∥u
r

r
∥L∞

t (L∞) ≤ C(∥Ω0∥
L

3
2 ,1 +

√
t∥Γ0∥2L3,2),

∥ω∥L∞
t (L3,1) ≤ C

(
∥ω0∥L3,1 +

√
t∥b0

r
∥L6,2∥b0∥L6,2

)
eCA0(t)

≤ C
(
∥ω0∥L3,1 +

√
t∥∇b0

r
∥L2∥∇ b0∥L2

)
eCA0(t),

∥∂zω∥2
L2
t (L

3
2 ,1)

≤ C
(
∥ω0∥2

L
3
2 ,1

+ t ∥b0∥2L3,2∥
b0
r
∥2L3,2

)
eCA0(t).

Substituting the above inequalities into (3.41), we get (3.39), which concludes the proof of Propo-
sition 3.3. □

Remark 3.3. Thanks to Theorem 5.3.1. in [6], we have the following interpolation inequality

∥b0∥L3,2(R3) ≲ ∥b0∥
1
3

L
3
2 ,2(R3)

∥b0∥
2
3

L6,2(R3)
≲ ∥b0∥

1
3

L
3
2 (R3)

∥∇ b0∥
2
3

L2(R3)
,

where we used the embedding Ḣ1(R3) ↪→ L6,2(R3) (see [25, 28]), which implies that

L
3
2 (R3) ∩ Ḣ1(R3) ⊂ L3,2(R3).
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Proposition 3.4. Assume that the initial data (ω0, b0) satisfies

ω0 ∈ L3,1, r−1ω0 ∈ L
3
2
,1, b0 ∈ L3,2 ∩ Ḣ1, r−1b0 ∈ L3,2 ∩ Ḣ1.

Assume that (ω, b) is a regular solution of the system (1.7), then there hold

∥∇ b∥2L2 + ∥∂z∇ b∥2L2
t (L

2) ≤ C∥∇ b0∥2L2 exp{CA0(t) + CA2(t)e
CA0(t)},(3.42)

where

A2(t)
def
= t∥ω0∥L3,1 + t

3
2 ∥∇(r−1b0)∥L2∥∇ b0∥L2 + t∥ω0∥2L3,1

+ t2 ∥∇(r−1b0)∥2L2∥∇ b0∥2L2 + ∥ω0∥2
L

3
2 ,1

+ t ∥r−1b0∥2L3,2∥b0∥2L3,2 .

Proof. Acting the operator ∂r to the second of (1.7) yields

∂t∂rb+ (u · ∇)∂rb− ∂2
z∂rb = ∂r(

urb

r
)− ∂ru

r∂rb− ∂ru
z∂zb.(3.43)

Multiply (3.43) by ∂r b, then integrating by part gives

1

2

d

dt
∥∂rb∥2L2 + ∥∂z∂rb∥2L2 =

∫
R3

∂r(
urb

r
)∂rb dx−

∫
R3

∂ru
r(∂rb)

2 dx−
∫
R3

∂ru
z∂zb∂rb dx

≜ K1 +K2 +K3.

(3.44)

By using of ∂ru
r = −ur

r − ∂zu
z, we have

K1 =

∫
R3

−ur

r

b

r
∂rb dx+

∫
R3

∂ru
r b

r
∂rb dx+

∫
R3

ur

r
(∂rb)

2 dx

= −2

∫
R3

ur

r

b

r
∂rb dx−

∫
R3

∂zu
z b

r
∂rb dx+

∫
R3

ur

r
(∂rb)

2 dx

= −2

∫
R3

ur

r

b

r
∂rb dx+

∫
R3

uz∂z
b

r
∂rb dx+

∫
R3

uz
b

r
∂z∂rb dx+

∫
R3

ur

r
(∂rb)

2 dx,

which by Hölder inequality infer to that

|K1| ≤ 2∥u
r

r
∥L∞∥ b

r
∥L2∥∂rb∥L2 + ∥u

r

r
∥L∞∥∂rb∥2L2

+ ∥uz∥L∞∥∂z
b

r
∥L2∥∂rb∥L2 + ∥∂z∂rb∥L2∥uz∥L∞∥ b

r
∥L2 .

Along the same line, the bound of K2 yields

K2 =

∫
R3

ur

r
(∂rb)

2 dx+

∫
R3

∂zu
z(∂rb)

2 dx =

∫
R3

ur

r
(∂rb)

2 dx+ 2

∫
R3

uz∂z∂rb∂rb dx

≤ ∥u
r

r
∥L∞∥∂rb∥2L2 + ∥uz∥L∞∥∂z∂rb∥L2∥∂rb∥L2 .

By the definition ∂ru
z = ω − ∂zu

r, we get K3 =
∫
R3 ω∂zb∂rb dx−

∫
R3 ∂zu

r∂zb∂rb dx, which follows

|K3| ≲ (∥ω∥L3 + ∥∂zur∥L3)∥∂zb∥L6∥∂rb∥L2 .

Due to the fact ∥∂zur∥L3 ≤ C∥∂zω∥
L

3
2 ,3 , we find

|K3| ≲ (∥ω∥L3 + ∥∂zω∥
L

3
2 ,3)∥∂z∇ b∥L2∥∂rb∥L2 .

Inserting the estimates of K1-K3 into (3.44), we obtain

1

2

d

dt
∥∂rb∥2L2 + ∥∂z∂rb∥2L2 ≤ C(∥r−1ur∥L∞ + ∥uz∥2L∞)∥(∂rb, r−1b)∥2L2

+ C(∥uz∥L∞ + ∥ω∥L3 + ∥∂zω∥
L

3
2 ,3)∥(∂rb, r−1b)∥L2∥∂z(∂rb, ∂zb, r−1b)∥L2 ,

(3.45)
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which along with (3.1) gives rise to

1

2

d

dt
∥(∂rb, r−1b)∥2L2 + ∥∂z(∂rb, r−1b)∥2L2 ≤ C(∥r−1ur∥L∞ + ∥uz∥2L∞)∥(∂rb, r−1b)∥2L2

+ C(∥uz∥L∞ + ∥ω∥L3 + ∥∂zω∥
L

3
2 ,3)∥(∂rb, r−1b)∥L2∥∂z(∂rb, ∂zb, r−1b)∥L2 .

(3.46)

We may repeat the above argument to get the estimate of ∥∂zb∥L2 . In fact, acting the operator
∂z to the second of the system (1.7) yields

∂t∂zb+ (u · ∇)∂zb− ∂2
z∂zb = ∂zu

r(r−1b− ∂rb) + r−1ur∂zb− ∂zu
z∂zb.(3.47)

Multiply (3.47) by ∂z b, then integrating by part gives

1

2

d

dt
∥∂zb∥2L2 + ∥∂2

zb∥2L2

=

∫
R3

∂zu
r(r−1b− ∂rb)∂zbdx+

∫
R3

r−1ur(∂zb)
2 dx−

∫
R3

∂zu
z(∂zb)

2 dx

= −
∫
R3

ur∂z[(r
−1b− ∂rb)∂zb] dx+

∫
R3

r−1ur(∂zb)
2 dx+ 2

∫
R3

uz∂zb∂
2
zbdx.

Hence, we have

1

2

d

dt
∥∂zb∥2L2 + ∥∂2

zb∥2L2

≤ ∥ur∥L∞

(
∥∂z(r−1b− ∂rb)∥L2∥∂zb∥L2 + ∥(r−1b− ∂rb)∥L2∥∂2

zb∥L2

)
+
(
∥r−1ur∥L∞ + 2∥uz∥2L∞

)
∥∂zb∥2L2 ,

which along with (3.46) implies

1

2

d

dt
∥(∂rb, r−1b, ∂zb)∥2L2 + ∥∂z(∂rb, r−1b, ∂zb)∥2L2

≤ C
(
∥r−1ur∥L∞ + ∥uz∥2L∞

)
∥(∂rb, r−1b, ∂zb)∥2L2

+ C
(
∥u∥L∞ + ∥ω∥L3 + ∥∂zω∥

L
3
2 ,3

)
∥(∂rb, r−1b, ∂zb)∥L2∥∂z(∂rb, r−1b, ∂zb)∥L2 .

Thanks to Young’s inequality, we find

d

dt
∥(∂rb, r−1b, ∂zb)∥2L2 + ∥∂z(∂rb, r−1b, ∂zb)∥2L2

≤ C
(
∥(r−1ur, uz)∥L∞ + ∥u∥2L∞ + ∥ω∥2L3 + ∥∂zω∥2

L
3
2 ,3

)
∥(∂rb, r−1b, ∂zb)∥2L2 ,

which follows that

∥(∂rb, r−1b, ∂zb)∥2L2 + ∥∂z(∂rb, r−1b, ∂zb)∥2L2
t (L

2)

≤ C∥(∂rb0, r−1b0, ∂zb0)∥2L2

× exp
{
C

∫ t

0
(∥(r−1ur, uz)∥L∞ + ∥u∥2L∞ + ∥ω∥2L3) dτ + C∥∂zω∥2

L2
t (L

3
2 ,3)

}
.

(3.48)

Thanks to (3.18), we know that

∥u∥L∞ + ∥ω∥L3 ≤ C∥ω∥L3,1 ≤ C
(
∥ω0∥L3,1 +

√
t ∥r−1b20∥L3,1

)
eCA0(t),

∥ω(t)∥
L

3
2 ,1 + ∥∂zω∥

L2
t (L

3
2 ,1)

≤ C
(
∥ω0∥

L
3
2 ,1 +

√
t ∥r−1b20∥L 3

2 ,1

)
eCA0(t).

(3.49)
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Hence, inserting (3.49) into (3.48) yields

∥∇ b∥2L2 + ∥∂z∇ b∥2L2
t (L

2) ≤ C∥∇ b0∥2L2e
CA0(t)

× exp{C
(
t∥ω0∥L3,1 + t

3
2 ∥r−1b20∥L3,1

+ t∥ω0∥2L3,1 + t2 ∥r−1b20∥2L3,1 + ∥ω0∥2
L

3
2 ,1

+ t ∥r−1b20∥2
L

3
2 ,1

)
eCA0(t)}

which implies (3.42).
Hence, we complete the proof of Proposition 3.4. □

Proposition 3.5. Let the initial data (ω0, b0) satisfy

ω0 ∈ L3,1, r−1ω0 ∈ L
3
2
,1, ∂rω0 ∈ L

3
2 , b0 ∈ L3,2 ∩ Ḣ1, r−1b0 ∈ H1.

Let (ω, b) a regular solution of the system (1.7). Then

(3.50) ∥∂rω(t)∥
L∞
t (L

3
2 )

+ ∥∂z∂rω∥
L2
t (L

3
2 )

≤ C(t, ω0, b0).

Proof. Multiplying the equation verified by ∂rω by |∂rω|
1
2 sign (∂rω) and integrating in space, we

obtain

2

3

d

dt
∥∂rω∥

3
2

L
3
2
+

8

9
∥∂z|∂rω|

3
4 ∥2L2 ≤ 2∥u

r

r
∥L∞∥∂rω∥

3
2

L
3
2
+

∫
R3

∂zu
z|∂rω|

3
2dx

+
(
2∥u

r

r
∥L∞∥ω

r
∥
L

3
2
+ ∥∂zuz

ω

r
∥
L

3
2
+ ∥g1∥

L
3
2

)
∥∂rω∥

1
2

L
3
2
+

∫
R3

∂z∂r(
b2

r
)|∂rω|

1
2dx,

where g1 := −∂zu
r∂zω+ω∂zω. Integrating by parts and using the Cauchy-Schwartz inequality, we

have ∫
R3

∂zu
z|∂rω|

3
2dx = −2

∫
R3

uz|∂rω|
3
4∂z|∂rω|

3
4dx ≤ 2∥uz∥L∞

∥∥∥∂z|∂rω| 34∥∥∥
L2
∥∂rω∥

3
4

L
3
2

and∫
R3

∂z∂r(
b2

r
)|∂rω|

1
2 dx = −

∫
R3

∂z(
b2

r2
)|∂rω|

1
2 dx+ 2

∫
R3

b

r
∂z∂rb|∂rω|

1
2dx+ 2

∫
R3

∂z
b

r
∂rb|∂rω|

1
2dx

≲
(
∥∂z(

b2

r2
)∥

L
3
2
+ ∥ b

r
∥L6∥∂z∂rb∥L2 + ∥∂z

b

r
∥L6∥∂rb∥L2

)
∥∂rω∥

1
2

L
3
2

≲
(
∥∂z(

b2

r2
)∥

L
3
2
+ ∥∇ b

r
∥L2∥∂z∂rb∥L2 + ∥∂z∇

b

r
∥L2∥∂rb∥L2

)
∥∂rω∥

1
2

L
3
2
.

As a consequence, we have

d

dt
∥∂rω∥

3
2

L
3
2
+ ∥∂z|∂rω|

3
4 ∥2L2

≲
(
∥u

r

r
∥L∞ + ∥uz∥2L∞

)
∥∂rω∥

3
2

L
3
2
+
(
∥∂zuz

ω

r
∥
L

3
2
+ ∥u

r

r
∥L∞∥ω

r
∥
L

3
2
+ ∥g1∥

L
3
2

)
∥∂rω∥

1
2

L
3
2

+
(
∥∂z(

b2

r2
)∥

L
3
2
+ ∥∇ b

r
∥L2∥∂z∂rb∥L2 + ∥∂z∇

b

r
∥L2∥∂rb∥L2

)
∥∂rω∥

1
2

L
3
2
.

(3.51)

By Hölder’s inequality, Proposition 2.2 and interpolation inequality, we have

∥∂zuz
ω

r
∥
L

3
2
≲ ∥ω

r
∥
L

3
2
h (L∞

v )
∥∂zuz∥

L∞
h (L

3
2
v )

≲ ∥ω
r
∥

1
3

L
3
2
∥∂z

ω

r
∥

2
3

L
3
2
∥∂zω∥

2
3

L
3
2

(
∥∂z∂rω∥

1
3

L
3
2
+ ∥∂z

ω

r
∥

1
3

L
3
2

)
≲ ∥ω

r
∥

1
3

L
3
2
∥∂z

ω

r
∥
L

3
2
∥∂zω∥

2
3

L
3
2
+ ∥ω

r
∥

1
3

L
3
2
∥∂z

ω

r
∥

2
3

L
3
2
∥∂zω∥

2
3

L
3
2
∥∂z∂rω∥

1
3

L
3
2
,
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and consequently by Lemma 2.2 and Hölder’s inequality, we obtain

∥∂zuz
ω

r
∥
L

3
2
∥∂rω∥

1
2

L
3
2
≲∥ω

r
∥

1
3

L
3
2
∥∂z

ω

r
∥
L

3
2
∥∂zω∥

2
3

L
3
2
∥∂rω∥

1
2

L
3
2

+ ∥ω
r
∥

1
3

L
3
2
∥∂z

ω

r
∥

2
3

L
3
2
∥∂zω∥

2
3

L
3
2
∥∂z|∂rω|

3
4 ∥

1
3

L2∥∂rω∥
7
12

L
3
2
,

and then

∥∂zuz
ω

r
∥
L

3
2
∥∂rω∥

1
2

L
3
2
≤ ε∥∂z|∂rω|

3
4 ∥2L2 + C∥ω

r
∥

1
3

L
3
2
∥∂z

ω

r
∥
L

3
2
∥∂zω∥

2
3

L
3
2
∥∂rω∥

1
2

L
3
2

+ Cε∥
ω

r
∥

2
5

L
3
2
∥∂z

ω

r
∥

4
5

L
3
2
∥∂zω∥

4
5

L
3
2
∥∂rω∥

7
10

L
3
2
.

On the other hand, thanks to Proposition 2.2 again, we find

∥g1∥
L

3
2
≲ ∥∂zur∥L6∥∂zω∥L2 + ∥|ω|

1
2 ∥L6∥∂z|ω|

3
2 ∥L2 ≲ ∥∂zω∥2L2 + ∥ω∥

1
2

L3∥∂z|ω|
3
2 ∥L2 .

Thus in view of (3.51), we obtain

d

dt
∥∂rω∥

3
2

L
3
2
+ ∥∂z|∂rω|

3
4 ∥2L2 ≲

(
∥u

r

r
∥L∞ + ∥uz∥2L∞

)
∥∂rω∥

3
2

L
3
2
+ ∥ω

r
∥

2
5

L
3
2
∥∂z

ω

r
∥

4
5

L
3
2
∥∂zω∥

4
5

L
3
2
∥∂rω∥

7
10

L
3
2

+
(
∥u

r

r
∥L∞∥ω

r
∥
L

3
2
+ ∥∂zω∥2L2 + ∥ω∥

1
2

L3∥∂z|ω|
3
2 ∥L2

+ ∥∂z(
b2

r2
)∥

L
3
2
+ ∥∇ b

r
∥L2∥∂z∂rb∥L2 + ∥∂z∇

b

r
∥L2∥∂rb∥L2

)
∥∂rω∥

1
2

L
3
2
,

which along with Lemma 2.2 and Proposition 2.2 implies

d

dt
∥∂rω∥

3
2

L
3
2
+ ∥∂z|∂rω|

3
4 ∥2L2 ≲

(
∥∂z

ω

r
∥
L

3
2 ,1 + ∥ω∥2L3,1 + ∥ω

r
∥

2
5

L
3
2
∥∂z

ω

r
∥

4
5

L
3
2
∥∂zω∥

4
5

L
3
2

)
∥∂rω∥

3
2

L
3
2

+
(
∥∂z

ω

r
∥
L

3
2 ,1∥

ω

r
∥
L

3
2
+ ∥ω

r
∥

2
5

L
3
2
∥∂z

ω

r
∥

4
5

L
3
2
∥∂zω∥

4
5

L
3
2
+ ∥∂zω∥2L2 + ∥ω∥

1
2

L3∥∂z|ω|
3
2 ∥L2

+ ∥∂z(
b2

r2
)∥

L
3
2
+ ∥∇ b

r
∥L2∥∂z∂rb∥L2 + ∥∂z∇

b

r
∥L2∥∂rb∥L2

)
∥∂rω∥

1
2

L
3
2
.

Then Gronwall’s inequality implies that

(3.52)

∥∂rω∥
L∞
t (L

3
2 )

+ ∥∂z∂rω∥
L2
t (L

3
2 )

≤ C exp{C
(
∥∂z

ω

r
∥
L1
t (L

3
2 ,1)

+ ∥ω∥2L2
t (L

3,1) + ∥ω
r
∥

2
5

L2
t (L

3
2 )
∥∂z

ω

r
∥

4
5

L2
t (L

3
2 )
∥∂zω∥

4
5

L2
t (L

3
2 )

)
}

×
(
∥∂rω0∥

L
3
2
+ ∥∂z

ω

r
∥
L1
t (L

3
2 ,1)

∥ω
r
∥
L∞
t (L

3
2 )

+ ∥ω
r
∥

2
5

L2
t (L

3
2 )
∥∂z

ω

r
∥

4
5

L2
t (L

3
2 )
∥∂zω∥

4
5

L2
t (L

3
2 )

+ ∥∂zω∥2L2
t (L

2) + ∥ω∥
1
2

L∞
t (L3)

∥∂z|ω|
3
2 ∥L1

t (L
2) + ∥∂z(

b2

r2
)∥

L1
t (L

3
2 )

+ ∥∇ b

r
∥L2

t (L
2)∥∂z∂rb∥L2

t (L
2) + ∥∂z∇

b

r
∥L2

t (L
2)∥∂rb∥L2

t (L
2)

)
.

Therefore, inserting (3.38), (3.39), and (3.42) into (3.52) implies (3.50). We then complete the
proof of Proposition 3.5. □

4. Proof of Theorem 1.1

4.1. Existence part of the proof. First of all, we note that ω0, r
−1ω0 ∈ L

3
2
,1(R3) which implies

that u0, r
−1u0 ∈ L3,1(R3). Let u0 ∈ L3,1(R3) be an axisymmetrical vector field without swirl

such that r−1u0 ∈ L3,1(R3), ω0 ∈ L
3
2
,1(R3), and r−1ω0 ∈ L

3
2
,1(R3), and assume that the initial

axisymmetric data b0 ∈ L3,2(R3) with r−1b0 ∈ L3,2(R3).
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Let Jn the operator which localizes in low frequencies defined by

Ĵnf(ξ)
def
= χ(2−nξ)f̂(ξ) (∀ n ∈ Z),

where χ(ξ) is a radial and regular function, equal to which to 1 on a ball around zero, and f̂(ξ)
is the Fourier transform of f . Since (u0, B0) is axisymmetrical with the form (1.4), we know that
(Jnu0, JnB0) is also axisymmetrical with the form (1.4) and also is regular (see for example [2]).
So, by [30], there exists a unique regular and global in time axisymmetrical solution (un, Bn) (with
the form (1.4)) to the system

∂tu
n + un · ∇un − νz∂

2
zu

n +∇Πn = Bn · ∇Bn,

∂tb
n + un · ∇bn − µz∂

2
zB

n = Bn · ∇un,

div un = divBn = 0,

(un, bn)|t=0 = (Jnu0, JnB0),

that is,

(4.1)


∂tω

n +∇ · (ωnun)− (un)r

r ωn − ∂2
zω

n = −∂z(
(bn)2

r ),

∂t
bn

r +∇ · ( bnr u
n)− ∂2

z
bn

r = 0,

un = (−∆)−1∇× (ωneθ),

(ωn, bn)|t=0 = (Jnω0, Jnb0).

Notice that Jnω0 and Jnω0
r are uniformly bounded in L

3
2
,1(R3), and Jnb0 and Jnb0

r are uniformly

bounded in L3,2(R3), we then obtain from Propositions 3.1 and 3.2 that:

{(un, ωn, bn)}n∈N is uniformly bounded (u.b. for short) in

L∞
loc(R+; Ẇ 1, 3

2 )× L∞
loc(R+;L

3
2
,1)× L∞

loc(R+;L3,2);

{((u
n)r

r
,
bn

r
)}n∈N is u.b. in L∞

loc(R+;L3,1)× L∞
loc(R+;L3,2);

{(∂zun, ∂zωn)}n∈N is u.b. in L2
loc(R+;W 1, 3

2 )× L2
loc(R+;L

3
2
,1);

{(u
n)r

r
}n∈N is u.b. in L2

loc

(
R+; L∞)

;

{(∂tun, ∂t
bn

r
)}n∈N is u.b. in L1

loc(R+;L
3
2 )× L1

loc(R+; Ẇ−1, 3
2 ).

(4.2)

By standard compactness arguments and the Arzela-Ascoli lemma, we can obtain up to a sub-
sequence denoted again by (un, bn), that (un, bn) converges strongly to (u, b) in Cloc(R+;L2

loc) ×
Cloc(R+; Ḣ

− 1
2

loc ). Interpolating with the fact that (un,
bn

r ) has uniform bound in (4.2), we found that

un → u in L2
loc(R+;H

1
4
loc(R

3)) and bn

r → b
r in L2

loc(R+;L
3
2
loc(R

3)). This allows to pass to the limit in

the nonlinear terms and we conclude that (ωnun → ωu, b
n

r u
n → b

r u,
bn

r b
n → b

r b,
(un)rbn

r → urb
r ) in

D′. Finally, by passing to the limit in the system (4.1) we obtain a global in time, axisymmetric
solution, without swirl, (u,B) of the system (1.5).

4.2. Uniqueness part of the proof. In order to prove the uniqueness of the solution for the

system (1.7), let (ω1, b1) and (ω2, b2) be two solutions, and define (δω, δb)
def
= (ω2 − ω1, b2 − b1)

their differences, which verifies the following system:

(4.3)


∂tδω + (u2 · ∇)δω − ∂2

zδω = −(δu · ∇)ω1 +
ur
2
r δω + δur

r ω1 + ∂z[δb(
b1+b2

r )],

∂tδb+ (u2 · ∇)δb− ∂2
zδb = −(δu · ∇)b1 +

ur
2
r δb+

δur

r b1,

(δω, δb)|t=0 = (0, 0).
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The functional framework where we control the differences of the two solutions is Lp with 6
5 ≤ p < 3

2 .
The energy estimates imply that

1

p

d

dt
∥δω∥pLp+

4(p− 1)

p2

∥∥∥∂z|δω| p2∥∥∥2
L2

≤ ∥u
r
2

r
∥L∞∥δω∥pLp + ∥ω1δu

r

r
∥Lp∥δω∥p−1

Lp

+ ∥(δu · ∇)ω1∥Lp∥δω∥p−1
Lp + ∥∂zδb∥

L
6p
6−p

∥b1 + b2
r

∥L6∥δω∥p−1
Lp

+ ∥δb∥
L

6p
6−p

∥∂z
b1 + b2

r
∥L6∥δω∥p−1

Lp .

Using Hölder inequality, Sobolev embedding, Proposition 2.2 and Lemma 2.1, we have

∥ω1δu
r

r
∥Lp + ∥(δu · ∇)ω1∥Lp

≤
(
∥ω1

r
∥
L

3
2
+ ∥∂rω1∥

L
3
2

)
∥δur∥

L
3p

3−2p
+ ∥∂zω1∥

L6
h(L

3
2
v )
∥δuz∥

L
6p
6−p
h (L

3p
3−2p
v )

≲
(
∥ω1

r
∥
L

3
2
+ ∥∂rω1∥

L
3
2

)
∥∂zδω∥Lp + ∥∂z∂rω1∥

L
3
2
∥δuz∥

L
6p
6−p
h (L

3p
3−2p
v )

≲
(
∥ω1

r
∥
L

3
2
+ ∥∂rω1∥

L
3
2

)∥∥∥∂z|δω| p2∥∥∥
L2
∥δω∥

2−p
2

Lp + ∥∂z∂rω1∥
L

3
2
∥δuz∥

L
6p
6−p
h (L

3p
3−2p
v )

.

Concerning ∥δuz∥
L

6p
6−p
h (L

3p
3−2p
v )

and using the identity ∆δuz = ∂rδω+r−1δω, we obtain by integration

by parts that |δuz| ≲ 1
|·|2 ⋆ |δω|. Then, using the convolution law, we obtain

∥δuz∥
L

6p
6−p
h (L

3p
3−2p
v )

≲ ∥δω∥
L
p,

6p
6−p

h (Lp
v)

≲ ∥δω∥Lp .

The Young inequality implies that

d

dt
∥δω∥pLp +

2(p− 1)

p

∥∥∥∂z|δω| p2∥∥∥2
L2

≲
(
∥u

r
2

r
∥L∞ + ∥ω1

r
∥2
L

3
2
+ ∥∂rω1∥2

L
3
2
+ ∥∂z∂rω1∥

L
3
2

)
∥δω∥pLp

+
(
∥∂zδb∥

L
6p
6−p

∥(b1
r
,
b2
r
)∥L6 + ∥δb∥

L
6p
6−p

∥∂z(∇
b1
r
, ∇b2

r
)∥L2

)
∥δω∥p−1

Lp ,

which follows that

∥δω∥pL∞
t (Lp) +

∥∥∥∂z|δω| p2∥∥∥2
L2
t (L

2)
≤ C∥f1(τ)∥L1([0,t])∥δω∥

p
L∞
t (Lp)

+ C
(
∥∂zδb∥

L2
t (L

6p
6−p )

∥(b1
r
,
b2
r
)∥L2

t (L
6) + ∥δb∥

L∞
t (L

6p
6−p )

∥∂z(∇
b1
r
, ∇b2

r
)∥L1

t (L
2)

)
∥δω∥p−1

L∞
t (Lp),

where

F1(t)
def
= ∥u

r
2

r
∥L1

t (L
∞) + ∥ω1

r
∥2
L2
t (L

3
2 )

+ ∥∂rω1∥2
L2
t (L

3
2 )

+ ∥∂z∂rω1∥
L1
t (L

3
2 )
.(4.4)

Hence, due to F1(t) → 0 as t → 0+, we get that, there is ϵ1 > 0 so small that, if t ∈ [0, ϵ1], there
hold

∥δω∥L∞
t (Lp) +

∥∥∥∂z|δω| p2∥∥∥ 2
p

L2
t (L

2)
≤ CF2(t)∥∂zδb∥

L2
t (L

6p
6−p )

+ CF3(t)∥δb∥
L∞
t (L

6p
6−p )

,(4.5)

where

F2(t)
def
= ∥(b1

r
,
b2
r
)∥L2

t (L
6), F3(t)

def
= ∥∂z(∇

b1
r
, ∇b2

r
)∥L1

t (L
2).(4.6)
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Due to (2.1), we arrive at

∥δω∥L∞
t (Lp) + ∥∂zδω∥L2

t (L
p)

≤ CF2(t)∥∂z|δb|
3p
6−p ∥L2

t (L
2)∥δb∥

1− 3p
6−p

L∞
t (L

6p
6−p )

+ CF3(t)∥δb∥
L∞
t (L

6p
6−p )

.
(4.7)

On the other hand, from the δb equation, the energy estimates imply

d

dt
∥δb∥

6p
6−p

L
6p
6−p

+
∥∥∥∂z|δb| 3p

6−p

∥∥∥2
L2

≲
(
∥(δu · ∇)b1∥

L
6p
6−p

+ ∥u
r
2

r
∥L∞∥δb∥

L
6p
6−p

+ ∥δu
r

r
b1∥

L
6p
6−p

)
∥δb∥

7p−6
6−p

L
6p
6−p

.(4.8)

Again, using Hölder inequality, Proposition 2.2, Sobolev embedding, we have

∥(δu · ∇)b1∥
L

6p
6−p

≲ ∥∂zδω∥Lp∥∂rb1∥L2 + ∥δω∥Lp∥∂z∇ b1∥L2 ,

∥δu
r

r
b1∥

L
6p
6−p

≲ ∥δur∥
L

3p
3−2p

∥b1
r
∥L2 ≲ ∥∂zδω∥Lp∥b1

r
∥L2 .

Notice that

∥(δu · ∇)b1∥
L

6p
6−p

≲ ∥δur∂rb1∥
L

6p
6−p

+ ∥δuz∂zb1∥
L

6p
6−p

≲ ∥δur∥
L

3p
3−2p

∥∂rb1∥L2 + ∥δuz∥
L

3p
3−p

∥∂zb1∥L6 .
(4.9)

Form Proposition 2.2, we known that, for 6
5 ≤ p < 3

2 ,

∥δur∥
L

3p
3−2p

≲ ∥∂zδω∥Lp , ∥δuz∥
L

3p
3−p

≲ ∥δω∥Lp ,

which along with (4.9) implies

∥(δu · ∇)b1∥
L

6p
6−p

≲ ∥∂zδω∥Lp∥∂rb1∥L2 + ∥δω∥Lp∥∂z∇ b1∥L2 .

For the last term of (4.8), again using the above embedding inequality, we obtain

∥δu
r

r
b1∥

L
6p
6−p

≲ ∥δur∥
L

3p
3−2p

∥b1
r
∥L2 ≲ ∥∂zδω∥Lp∥b1

r
∥L2

and then, we arrive at

d

dt
∥δb∥

6p
6−p

L
6p
6−p

+
∥∥∥∂z|δb| 3p

6−p

∥∥∥2
L2

≲
(
∥∂zδω∥Lp∥∂rb1∥L2 + ∥δω∥Lp∥∂z∇ b1∥L2

+ ∥u
r
2

r
∥L∞∥δb∥

L
6p
6−p

+ ∥∂zδω∥Lp∥b1
r
∥L2

)
∥δb∥

7p−6
6−p

L
6p
6−p

.

Hence, we have

∥δb∥
6p
6−p

L∞
t (L

6p
6−p )

+
∥∥∥∂z|δb| 3p

6−p

∥∥∥2
L2
t (L

2)
≤ C∥r−1ur2∥L1

t (L
∞)∥δb∥

6p
6−p

L∞
t (L

6p
6−p )

+ C(∥(∂rb1,
b1
r
)∥L2

t (L
2) + ∥∂z∇ b1∥L1

t (L
2))(∥∂zδω∥L2

t (L
p) + ∥δω∥L∞

t (Lp))∥δb∥
7p−6
6−p

L∞
t (L

6p
6−p )

.

(4.10)

Substituting (4.7) into (4.10) gives rise to

∥δb∥
6p
6−p

L∞
t (L

6p
6−p )

+
∥∥∥∂z|δb| 3p

6−p

∥∥∥2
L2
t (L

2)
≤ C∥r−1ur2∥L1

t (L
∞)∥δb∥

6p
6−p

L∞
t (L

6p
6−p )

+ CF4(t)

(
F2(t)∥∂z|δb|

3p
6−p ∥L2

t (L
2)∥δb∥

1− 3p
6−p

L∞
t (L

6p
6−p )

+ F3(t)∥δb∥
L∞
t (L

6p
6−p )

)
∥δb∥

7p−6
6−p

L∞
t (L

6p
6−p )
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with

F4(t)
def
= ∥(∂rb1,

b1
r
)∥L2

t (L
2) + ∥∂z∇ b1∥L1

t (L
2),(4.11)

which along with Young’s inequality implies

∥δb∥
6p
6−p

L∞
t (L

6p
6−p )

+
∥∥∥∂z|δb| 3p

6−p

∥∥∥2
L2
t (L

2)
≤ CF5(t)∥δb∥

6p
6−p

L∞
t (L

6p
6−p )

with

F5(t)
def
= ∥r−1ur2∥L1

t (L
∞) + F3(t)F4(t) + (F2(t)F4(t))

2.(4.12)

Notice that F5(t) → 0 as t → 0+, so we get that, there exists ϵ0 ∈ (0, ϵ1) so small that, if t ∈ [0, ϵ0],
there holds

∥δb∥
6p
6−p

L∞
t (L

6p
6−p )

+
∥∥∥∂z|δb| 3p

6−p

∥∥∥2
L2
t (L

2)
= 0,

which immediately follows from (4.5) and (2.1) that

∥δω∥L∞
t (Lp) = 0.

Therefore, we obtain δ b(t) = δω(t) ≡ 0 for any t ∈ [0, ϵ0]. The uniqueness of such strong solutions
on the whole time interval [0,+∞) then follows by a bootstrap argument.

Moreover, the continuity with respect to the initial data may also be obtained by the same
argument in the proof of the uniqueness, which ends the proof of Theorem 1.1.
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